
Homework –– Geometric & Arithmetic Series

1.    2 + 4 +6 + ... + 122 + 124

568 Chapter 12 Infinite Series 

Example 9 Show that the series (a) 3 + f + + $ + . . - and (b) CF= "=,/(I + i) diverge. 

Solution (a) This series is CF="=,l/2i). If it converged, so would twice the series 

CF=12 . (1/2i), by the constant multiple rule; but Cy= ,(2 . 1/2i) = ZF= l/ i ,  

which we have shown to diverge. 
(b) This series is 3 + f + f + - - . , which is the harmonic series with the first 

term missing; therefore this series diverges too. A 

Supplement to Section 12.1 : 
Zeno's Paradox 

Figure 12.1.3. Will the. 

runner overtake the 

tortoise? 

Zeno's paradox concerns a race between Achilles and a tortoise. The tortoise 
begins with a head start of 10 meters, and Achilles ought to overtake it. After 

a certain elapsed time from the start, Achilles reaches the point A where the 

tortoise started, but the tortoise has moved ahead to point B (Fig. 12.1.3). 

After a certain further interval of time, Achilles reaches point B, but the 

tortoise has moved ahead to a point C,  and so on forever. Zeno concludes 
from this argument that Achilles can never pass the tortoise. Where is the 

fallacy? 

The resolution of the paradox is that although the number of time 

intervals being considered is infinite, the sum of their lengths is finite, so 

Achilles can overtake the tortoise in a finite time. The word forever in the 
sense of infinitely many terms is confused with "forever" in the sense of the 

time in the problem, resulting in the apparent paradox. 

Exercises for Section 12.1 

Write down the first four partial sums for the series in Sum the series in Exercises 5-8. 

Exercises 1-4. 

1. + + + + $ + f  + . . .  5 . l + - + - + - + . . .  1 1 1  
8 + & -  . . .  2. 1 - 3  +' -' 7 72 73 

2 2 2  
3. 5 (;y 6. 2 + - + - + - + . . .  

r = l  
9 92 93 
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12.1 The Sum of an Infinite Series 569 

9. You wish to draw $10,000 out of a Swiss bank 
account at age 65, and thereafter you want to 

draw as much each year as the preceding one. 

Assuming that the account earns no interest, how 
much money must you start with to be prepared 
for an arbitrarily large life span? 

10. A decaying radioactive source emits & as much 

radiation each year as the previous one. Assum- 
ing that 2000 roentgens are given off in the first 
year, what is the total emission over all time? 

Sum the series (if they converge) in Exercises 11-20. 

nth term a, can be expressed as a, = b,, , - b, 
for some sequence b,. 
(a) Verify that a ,  + a, + a, + . . . + a, = 

b, + , - b, ; therefore the series converges ex- 
actly when lim,,,b,+, exists, and Cr= 
= lim,+,b,,+, - b l .  

(b) Use partial fraction methods to write a, 
= I/[n(n + I)] as b,, , - b, for some se- 
quence b,. Then evaluate the sum of the 
series C r =  1 /[n(n + I)]. 

36. An experiment is performed, during which time 
successive excursions of a deflected plate are 
recorded. Initially, the plate has amplitude bo. 
The plate then deflects downward to form a 
"dish" of depth b,, then a "dome" of height b2, 
and so on. (See Fig. 12.1.4.) The a's and b's are 
related by a ,  = bo - b,,a2 = b, - b2,a3 = b, - 
b3 . . . . The value an measures the amplitude 
"lost" at the nth oscillation (due to friction, say). 

Figure 11.1.4. The 

b2 deflecting plate in Exercise 36. 

21. Show that C z  *=,(I + 1 /2') diverges. 

22. Show that CzO(3 '  + 1/3') diverges. 

23. S u m 2 + 4 + + + $ + $ +  . . . .  
24. Sum I + 1/2 + 1/3 + 1/3'+ 1/33 + . - . . 

Test the series in Exercises 25-30 for convergence. 

(a) Find Cr' ,a,. Explain why bo - C r =  '=,a, is 
the "average height" of the oscillating plate 
after a large number of oscillations. 

(b) Suppose the "dishes" and "domes" decay to 
zero, that is, lim,,,b,+, = 0. Show that 
Cr= ,a, = bo, and explain why this is physi- 
cally obvious. 

37. The joining of the transcontinental railroads oc- 
curred as follows. The East and West crews were 
setting track 12 miles apart, the East crew work- 
ing at 5 miles per hour, the West crew working at 
7 miles per hour. The official with the Golden 
Spike travelled feverishly by carriage back and 
forth between the crews until the rails joined. His 
speed was 20 miles per hour, and he started from 
the East. 

(a) Assume the carriage reversed direction with 
no waiting time at each encounter with an 
East or West crew. Let tk be the carriage 
transit time for trip k. Verify that t,,,, 
- - , . n + i .  (12/13), and t2,+ = r n  - (12/27), 

where r = (13/27) . (15/25), n = 0, 1,2, 
3, . . .  . 

(b) Since the crews met in one hour, the total 

31. Show that the series C G ( 1  - 2-j)/j diverges. 

32. Show that the series f + f + $ + $ + . . . di- 

verges. 
33. Give an example to show that CT= ,(ai + bi) may 

converge while both C z  ,ai and 22 lbi diverge. 
34. Comment on the formula 1 + 2 + 4 + 8 + . . . 

= l / ( l  - 2 ) =  -1. 
35. A telescoping series, like a geometric series, can 

be summed. A series C r =  ,a, is telescoping if its 

time for the carriage travel was one hour, 
i.e., lim,,,(tl + t2 + t3 + t4 + . . - + t,) 
= 1. Verify this formula using a geometric 
series. 
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