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Chapter 1

Bit wizardry

In this chapter low-level functions are presented that operate on the bits of a binary word. It is often
not obvious what these are good for and I do not attempt much to motivate why particular functions
are presented. However, if you happen to have an application for a given routine you will love that it is
there: The program using it may run significantly faster.

The type unsigned long is abbreviated as ulong as defined in [FXT: file fxttypes.h].

It is assumed that BITS_PER_LONG reflects the size of the C-type unsigned long. It is defined in [FXT: file
bits/bitsperlong.h] and usually equals the machine word size. That is, it equals 32 on 32-bit architectures
and 64 on 64-bit machines. Further, the quantity BYTES_PER_LONG shall reflect the number of bytes in a
machine word, that is, it equals BITS_PER_LONG divided by eight.

The examples of assembler code are for the x86 and the AMDG64 architecture. They should be simple
enough to be understandable for readers who know assembler for any CPU.

1.1 Trivia

Little endian versus big endian

The order in which the bytes of an integer are stored in memory can start with the least significant byte
(little endian machine) or with the most significant byte (big endian machine). The hexadecimal number
0x0DOCOBOA will be stored in the following manner when memory addresses grow from left to right:

adr: z z+l z+2 z+3
mem: OD OC OB OA // big endian

mem: 0A 0B oC 0D // little endian

The difference is only visible when you cast pointers. Let V be the 32-bit integer with the value above.
Then the result of char ¢ = *(char *)(&V); will be 0x0A (value modulo 256) on a little endian
machine but 0x0D (value divided by 2%%) on a big endian machine. Portable code that uses casts may
need two versions, one for each endianness. Though friends of the big endian way sometimes refer to little
endian as ‘wrong endian’, the wanted result of the shown pointer cast is much more often the modulo
operation.

Size of pointer is size of long
On sane architectures a pointer fits into a type long integer. When programming for a 32-bit architecture
(where the size of int and long coincide) casting pointers to integers (and back) will work. The same

code will fail on 64-bit machines. If you have to cast pointers to an integer type, cast them to long.
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Shifts and division

With two’s complement arithmetic (that is: on likely every computer you'll ever touch) division and
multiplication by powers of two is right and left shift, respectively. This is true for unsigned types and
for multiplication (left shift) with signed types. Division with signed types rounds toward zero, as one
would expect, but right shift is a division (by a power of two) that rounds to minus infinity:

int a = -1;
int ¢ = a > 1; // ¢c = -1
int d = a / 2; // d== 0

The compiler still uses a shift instruction for the division, but a ‘fix’ for negative values:

9:test.cc @ int foo(int a)
10:test.cc e {

285 0003 8B442410 movl 16(%esp),%eax // move argument to %eax
11:test.cc Q int s = a > 1;

289 0007 89C1 movl %eax,%ecx

290 0009 D1F9 sarl $1,%ecx
12:test.cc ¢] int d = a / 2;

293 000b 89C2 movl %eax,%edx

294 000d C1EA1F shrl $31,%edx // fix: Y%edx=(%edx<071:0)

295 0010 01DO addl %edx,%eax // fix: add one if a<O0

296 0012 D1F8 sarl $1,%eax

For unsigned types the shift would suffice. One more reason to use unsigned types whenever possible.

The assembler listing was generated from C code via the following commands:

# create _assembler code:
c++ -S -fverbose-asm -g -02 test.cc -o test.s

# create asm interlaced with source lines:
as -alhnd test.s > test.lst

There are two types of right shifts: a so-called logical and an arithmetical shift. The logical version (shrl
in the above fragment) always fills the higher bits with zeros, corresponding to divisionﬂ of unsigned
types. The arithmetical shift (sarl in the above fragment) fills in ones or zeros, according to the most
significant bit of the original word.

Computing remainders modulo a power of two with unsigned types is equivalent to a bit-and using a
mask:

ulong a = b % 32; // ==b & (32-1)
All of the above is done by the compiler’s optimization wherever possible.

Division by constants can be replaced by multiplications and shift. The magic machinery inside the
compiler does it for you. A division by the constant 10 is compiled to:

B:test.cc @ ulong foo(ulong a)
6:test.cc @ {

T:test.cc @ ulong b = a / 10;
290 0000 8B442404 movl 4(%esp),%eax
291 0004 F7250000 mull .LC33 // value == Oxcccccccd
292 000a 89D0 movl %edx,%eax
293 000c C1E803 shrl $3,%eax

Thereby it is sometimes reasonable to have separate code branches with explicit special values. Similarly,
for modulo computations with a constant modulus (using modulus 10,000):

8:test.cc @ ulong foo(ulong a)
9:test.cc @ {

53 0000 8B4C2404 movl 4(%esp),%ecx

10:test.cc @ ulong b = a 7% 10000;

57 0004 89C8 movl %ecx,’%eax

58 0006 F7250000 mull .LCO // value == 0xd1b71759
59 000c 89D0 movl %edx,’%eax

60 000e C1E80D shrl $13,%eax

61 0011 69C01027 imull $10000,%eax,heax

62 0017 29C1 subl %eax,’%ecx

63 0019 89C8 movl %ecx,’%eax

Algorithms to replace divisions by a constant by multiplications and shifts are given in [98].

1So you can think of it as ‘unsigned arithmetical’ shift.
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A pitfall (two’s complement)

(oS -c=, . c= 0 -c= 0 <--=
S s 1 -c=1 111 c= 1 -c= -1
............ 1. -c=1 11. c= 2 -c= -2
............ 11 -c=1 1.1 c= 3 -c= -3
........... ., -—c=1 1 c= 4 -c= -4
............. 1.1 -c=1 .11 c= 5 -c= -5
............. 11. -c=1 1. c= 6 -c= -6

[--snip--]

. 1111111111.1  -c=1.. 11 c= 32765 -c=-32765
11111111111 -c=1.. 1 c= 32766 -c=-32766
111111111111 -c=1.. a1 c= 32767 -c=-32767

............... -c=1 .. c=-32768 -c=-327/68 <--=
.............. 1 -c=. 111 c=-32767 -c= 32767
............. 1. -c= 11, c=-32766 -c= 32766
............. 11 -c= 1.1 c=-32765 -c= 32765
............ ., -—c= 1. c=-32764 -c= 32764
=l.... ... 1.1 -c=. .11 c=-32763 -c= 32763
c=1............ 11. -c=. 1. c=-32762 -c= 32762
[--snip--]
c=1111111111111. .1 -c=... ..., 111 c= -7 -c= 7
c=1111111111111.1, -c=.... ... . ..., 11, c= -6 -c= 6
c=1111111111111. 11 -c=............. 1.1 c= -5 -c= 5
=11111111 111111, -c=.. .ol . . 1.. c= -4 -c= 4
c=11111111111111.1 -c=.... ..., 11 c= -3 -c= 3
c=111111111111111, -c=.... ... 1. c= -2 -c= 2
=1111111111 111111 -c=. ..o i i 1 c= -1 -c= 1

Figure 1.1: With two’s complement there is one nonzero value that is its own negative.

In two’s complement zero is not the only number that is equal to its negative value. With a data type of
n bits the value with just the highest bit set (the most negative value) also has this property. Figure
(the output of [FXT: demo bits/gotcha-demo.cc|) shows the situation for words of sixteen bits. This is
the reason why innocent looking code like

if ( x<0) x = -x;
// assume x positive here (WRONG!)

can simply fail.

A pitfall (shifts in the C-language)

A shift by more than BITS_PER_LONG—1 is undefined by the C-standard. Therefore the following function
can fail for k = 0:

inline ulong first_comb(ulong k)
// Return the first combination of (i.e. smallest word with) k bits,
{/ i.e. 00..001111..1 (k low bits set)

ulong t = “OUL >> ( BITS_PER_LONG - k );
return t;

}

Compilers usually emit just a shift instruction which on certain CPUs does not give zero if the shift is
equal to or greater than BITS_PER_LONG. This is why the line

if (k==0 ) t = 0; // shift with BITS_PER_LONG is undefined

has to be inserted just before the return statement.

Shortcuts

To test whether at least one of a and b equals zero use if ( !(a && b) ). This works for signed
and unsigned integers. Checking whether both are zero can be done using if ( (alb)==0 ). This

obviously generalizes for several variables as if ( (alblcl..|z)==0 ) ). Test whether exactly one of
two variables is zero using if ( ('a) ~ (!b) ) .

Toggling between values

In order to toggle an integer x between two values a and b use:
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~ b

precalculate: t a H
X t; // a<-->b

toggle:

the equivalent trick for floats is

a + b;
t - X

precalculate: t
toggle: X

Integer versus float multiplication

The floating point multiplier gives the highest bits of the product. Integer multiplication gives the result
modulo 2° where b is the number of bits of the integer type used. As an example we square the number
1010101 using a 32-bit integer type and floating point types with 24-bit and 53-bit mantissa:

a = 111111111
axa = 12345678987654321 // true result
a*a = 1653732529 // result with 32-bit integer multiplication
(axa)%(2**32) = 1653732529 // ... which is modulo (2**bits_per_int)
axa = 1.2345679481405440e+16 // result with float multiplication (24 bit mantissa)
axa = 1.2345678987654320e+16 // result with float multiplication (53 bit mantissa)

Manipulation of individual bits

The following functions should be self explaining. Following the spirit of the C language there is no check
whether the indices used are out of bounds. That is, if any index is greater or equal BITS_PER_LONG, the
result is undefined. Find these in [FXT: file bits/bittest.h].

inline ulong test_bit(ulong a, ulong i)
// Return zero if bit[i] is zero,
// else return one-bit word with bit[i] set.

return (a & (1UL << i));

static inline bool test_bit0O1(ulong a, ulong i)
{/ Return whether bit[i] is set.

return ( 0 != test_bit(a, i) );

inline ulong set_bit(ulong a, ulong i)
{/ Return a with bit[i] set.

return (a | (1UL << 1i));

inline ulong delete_bit(ulong a, ulong i)
{/ Return a with bit[i] cleared.

return (a & “(1UL << i));

inline ulong change_bit(ulong a, ulong i)
// Return a with bit[i] changed.

{
return (a -~ (1UL << i));
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Optimization considerations

Never ever think that some code is the ‘fastest possible’, there always another trick that can still improve
performance. Many factors can have an influence on performance like number of CPU registers or cost
of branches. Code that performs well on one machine might perform badly on another. The old trick to
swap variables without using a temporary

// a=0, b=0 a=0, b=1 a=1, b=0 a=1, b=1
a "=b; // 0 0 1 1 1 0 0 1
b "=a; // 0 0 1 0 1 1 0 1
a "=b; // 0 0 1 0 0 1 1 1

equivalent to:

tmp = a; a =Db; b = tmp;
is pretty much out of fashion today. However in some specific context (like extreme register pressure) it
may be the way to go.

The only way to find out which version of a function is faster is to actually do profiling (timing). The
performance does depend on the stream of instructions before the machine code (we assume that all of
these low-level functions get inlined). Studying the generated CPU instructions does help to understand
what is going on but can never replace profiling.

Never just replace the unoptimized version of some code fragment when introducing a streamlined one.
Keep the original in the source. In case something nasty happens (think of low level software failures
when porting to a different platform) you’ll be very thankful for the chance to temporarily use the slow
but correct version.

Proper documentation is an absolute must for optimized code, just assume that nobody will be able to
read and understand it from the supplied source alone. The experience of not being able to understand
some piece of code oneself has written time ago helps a lot in this matter.

1.2 Copying and swapping bits

Copying a bit

The trick is to generate a one exactly if the bits at the two positions differ. Then an XOR changes the
target bit if needed [FXT: file bits/bitcopy.h]:

inline ulong copy_bit(ulong a, ulong isrc, ulong idst)
// Copy bit at [isrc] to position [idst].
4/ Return the modified word.

ulong x = ((a>>isrc) ~ (a>>idst)) & 1; // one if bits differ
a "= (x<<idst); // change if bits differ
}

The situation gest slightly tricky if the bit positions are given as (one bit) masks:

inline ulong mask_copy_bit(ulong a, ulong msrc, ulong mdst)
// Copy bit according at src-mask (msrc)

// to the bit according to the dest-mask (mdst).

// Both msrc and mdst must have exactly one bit set.

{/ Return the modified word.

ulong x = mdst;
if (msrc & a) x = 0; // zero if source bit set

X "= mdst; // ==mdst if source bit set, else zero
a &= “mdst; // clear dest bit

a |= x;

return a;

}

The compiler generates branch-free code as the conditional assignment is compiled to a cmov (conditional
move) assembler instruction. If one or both masks have several bits set the routine will set all bits of
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mdst if any of the bits in msrc is one else clear all bits of mdst.

Swapping bits

A function to swap the two bits of a word [FXT: file |bits/bitswap.h]|:

static inline ulong bit_swap(ulong a, ulong k1, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.
// k1==k2 is allowed (a is unchanged then)
{
ulong x = ((a>>k1) ~ (a>>k2)) & 1; // one if bits differ
a "= (x<<k2); // change if bits differ
a "= (x<<kl); // change if bits differ
return a;

When it is known that the bits do have different values the following routine can be used:

static inline ulong bit_swap_O1(ulong a, ulong ki, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.
// Bits must have different values (!)
(i.e. one is zero, the other one)
// k1==k2 is allowed (a is unchanged then)

{
return a ~ ( (1UL<<k1l) ~ (1UL<<k2) );

1.3 Avoiding branches

Branches are expensive operations with many CPUs, especially if the CPU pipeline is very long. The
function in this section avoid branches, they are given in [FXT: file bits/branchless.h]|.

The following function returns max(0, ). That is, zero is returned for negative input, else the unmodified
input:
static inline long max0(long x)

{
return x & ~(x >> (BITS_PER_LONG-1));

There is no restriction on input range. The trick used is that with negative x the arithmetic shift will
give a word of all ones which is then negated and the AND-operation deletes all bits. Similarly:

static inline long minO(long x)
// Return min(0, x), i.e. return zero for positive input

{
return x & (x >> (BITS_PER_LONG-1));

Computation of the average (x + y)/2 of two arguments z and y. The function gives the correct value
even if (z + y) does not fit into a machine word:

static inline ulong average(ulong x, ulong y)

// Return (x+y)/2

// Use the fact that x+y == ((x&y)<<1) + (x7y)

// that is: sum == carries + sum_without_carries

return (x & y) + ((x "~ y) > 1);
}

If it is known that = > y then one can alternatively use the statement return y+(x-y)/2.

The following upos_x* () functions only work for a limited range. The highest bit must not be set in order
to have the highest bit emulate the carry flag. Branchless computation of the absolute difference |a — b|:

static inline ulong upos_abs_diff (ulong a, ulong b)

b - a;
(d1 & (d1>>(BITS_PER_LONG-1)))<<1;

long di
long d2
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return dl - d2; // == (b -d) - (a + d);

Sorting of the arguments:

static inline void upos_sort2(ulong &a, ulong &b)
// Set {a, b} := {min(a, b), max(a,b)}
// Both a and b must not have the most significant bit set

{ long d = b - a;
d &= (d>>(BITS_PER_LONG-1));
a += d;
b -=4d;

}

The following two functions adjust a given values when it lies outside a given range.

static inline long clip_rangeO(long x, long m)
// Code equivalent (for m>0) to:

// if ( x<0 ) x = 0;

// else if (x>m ) x = m;

// return x;

if ( (ulong)x > (ulongdm ) x =m & ~(x >> (BITS_PER_LONG-1));
return Xx;

static inline long clip_range(long x, long mi, long ma)
// Code equivalent to (for mi<=ma):
// if ( x<mi ) X = mi;
// else if ( x>ma ) x = ma;
X —-= mi;
x = clip_rangeO(x, ma-mi);
X += mi;
return Xx;

1.3.1 Conditional swap

The following statement is compiled with a branch:

if ( a<b ) { ulong t=a; a=b; b=t; } // swap if a < b

// Here: a in Y%rcx, b in Y%rdx

62 000e 4889C8 movq Yrcx, %hrax # X, X

68 0011 4839D1 cmpq %rdx, rex # X, X

69 0014 7306 jae .L3 #, // the branch
71 0016 4889D1 movq Y%rdx, %rcx # X, X

72 0019 4889C2 movq Yrax, %rdx # X, X

73 .L3:

As conditional assignments can be done branchless, an equivalent branchless version is:

{ ulong x=a"b; if (a>=b) { x=0; } a"=x; b =x; } // swap if a < b

255 00af 4889EA movq %rbp, Yrdx # a, x

257 00b2 B9000000 movl $0, %ecx #, tmp83

257 00

260 00b7 4831C2 xorq Yrax, %rdx # b, x

261 00ba 4839C5 cmpq %rax, %rbp #b, a

262 00bd 480F43D1 cmovae J%rcx, Ardx # x,, tmp83, x
263 00c1l 4831D5 xorq %rdx, Yrbp #x, a

264 00c4 4831D0 xorq %rdx, %rax #x, b

We’d like to have fewer instructions. If one tries
{ ulong ta=a; if (a<b) {a=b; b=ta;} } // swap if a < b

the generated code is identical to the first version. Let’s try the chain saw [FXT: file bits/cswap.h]:

static inline void cswap_lt(ulong &a, ulong &b)
// Branchless equivalent to:
// if (a<b ) { ulong t=a; a=b; b=t; } // swap if a < b
{
asm volatile("movq %0, %%ri15 \n" // t=a
"empq %0, %1 \n" // cmp a, b
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"cmovae %1, %0 \n" // cond a=b
"cmovae %Ar15, %1 \n" // cond b=t

: "=r" (a), "=r" (b) // output
:"0" (a), "1" (b) // input
: "ri15" // clobber

s

}

Looks good:
// Here: a in Yrax, b in %rdx
111 0027 4989C7 movq %rax, %rib # tmp71
112 002a 4839C2 cmpq hrax, %rdx # tmp71, tmp72
113 002d 480F43C2 cmovae %rdx, %rax # tmp72, tmp71
114 0031 490F43D7 cmovae %ril5, rdx # tmp72

Clearly, the relative speed of the three versions depends on the machine used. But it also turns out to
be dependent of the surrounding code. We use bubble sort for benchmarking:

void bubble_sort(ulong *f, ulong n)

while ( n—- > 1)
for (ulong k=0; k<n; ++k) cswap_NN(f[k], f[k+11);
}

Were we use the three versions of conditional swap for cswap_NN(). We sort an array of length 2! twice
with each version, once starting with an already sorted array and once with an array that is sorted in
descending order. The ‘plain’ version wins:

cswap_gt_plain(f[k], f[k+1]); // 3.58s
cswap_gt_xor(f[k], f[k+1]); // 6.34s
cswap_gt (£[k], flk+1]); // 5.10s

This is due to the fact that the compiler bypasses the store when no swap happens:

103 0020 488B4808 movq 8(%rax), %rcx #, tmp71
104 0024 488B10 movq (%rax), Jrdx #* f, tmp72
105 0027 4839D1 cmpq %rdx, %rcx # tmp72, tmp71
106 002a 7307 jae .L7 #,

108 002c 48895008 movq %rdx, 8(%rax) # tmp72,
109 0030 488908 movq %rcx, (%rax) # tmp71,* f
111 L7:

If we change the inner loop to

for (ulong k=0; k<n; ++k)
{

ulong a = f[k], b = f[k+1];
cswap_NN(a, b);
f[k] = a; f[k+1] = b;

}
then we obtain:

cswap_gt_plain(a, b); // 5.78s
cswap_gt_xor(a, b); // 6.22s
cswap_gt(a, b); // 4.68s

Our innocent looking change in the code prevented the compiler from doing its nice trick. The XOR
version is (within timing precision) as slow as before. The assembler version wins because the data is
already in registers. We learn that profiling is an absolute must.

1.3.2 Your compiler may be smarter than you thought

The machine code generated for
x = x & “(x > (BITS_PER_LONG-1)); // max0()

is

35: 48 99 cqto
37: 48 83 c4 08 add $0x8,%rsp // stack adjustment
3b: 48 £7 d2 not %hrdx
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3e: 48 21 doO and Y%rdx, %rax
The variable x resides in the register rAX both at start and end of the function. The compiler uses a
special (AMDG64) instruction cqto. Quoting [3]:

Copies the sign bit in the rAX register to all bits of the rDX register. The effect of this
instruction is to convert a signed word, doubleword, or quadword in the rAX register into
a signed doubleword, quadword, or double-quadword in the rDX:rAX registers. This action
helps avoid overflow problems in signed number arithmetic.

Now the equivalent
x=(x<070:x); // max0() "simple minded"

is compiled to:

35: ba 00 00 00 00 mov $0x0, %edx
3a: 48 85 c0 test Yirax,hrax
3d: 48 Of 48 c2 cmovs Y%rdx,%rax // note %edx is Y%rdx

A conditional move (cmovs) instruction is used here. That is, our optimized version is (on my machine)
actually worse than the straightforward equivalent.

A second example is the function clip_range() above. It is compiled to

0: 48 89 f8 mov Yrdi,%rax

3: 48 29 f2 sub Yrsi,hrdx

6: 31 ¢c9 xor Yecx, hecx

8: 48 29 0 sub %rsi,%rax

b: 78 Oa js 17 <_Z2CL111+0x17> // the branch
d: 48 39 dO cmp %rdx, %rax

10: 48 89 di mov Yrdx,hrex

13: 48 Of 4e c8 cmovle Y%rax,krcx

17: 48 8d 04 Oe lea (%rsi,%rcx,1),%rax

Now we replace the code by

inline long clip_range(long x, long mi, long ma)

{ .
X -= mi;
if ( x<0 ) x = 0;
// else // commented out to make (compiled) function really branchless
g ma —-= mi;
if ( x>ma ) x = ma;
¥ _
X += mi;
}
Then the compiler generates branchless code:
0: 48 89 8 mov Yrdi,%hrax
3: b9 00 00 00 00 mov $0x0, %ecx
8: 48 29 fO sub Yrsi,hrax
b: 48 Of 48 c1 cmovs %rcx,hrax
f: 48 29 f2 sub Yrsi,fhrdx
12: 48 39 dO cmp %rdx, frax
156: 48 Of 4f c2 cmovg  %rdx,%rax
19: 48 01 O add %rsi,%rax

Still, with CPUs that do not have a conditional move instruction (or some branchless equivalent of it)
the techniques shown in this section can be useful.

1.4 Operations on low bits or blocks of a word

The underlying idea of functions that operate on the lowest set bit is that addition and subtraction of 1

always changes a burst of bits at the lower end of the word. The following functions are given in [FXT:
file bits/bitlow.h].

Isolation of the lowest set bit is achieved via
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static inline ulong lowest_bit(ulong x)
// Return word where only the lowest set bit in x is set.
{/ Return O if no bit is set.

return x & -x; // use: -x == "x + 1

The lowest zero (unset bit) of some word x is then trivially isolated using lowest_bit( "x ). The
sequence of returned values for x = 0, 1, ... is the binary ruler function, the highest power of two that
divides x + 1:

X: == X lowest_zero(x)
0: == ........ 1
1: == ......, 1

2: == ..., 1.

3: == ...... 11

4. == ..... 1..

5: == ..... 1.1

6: == ..... 11.

T: == ...., 111

8: = 1.,

9: == .1..1

10: == 1.1,

Clearing the lowest set bit in a word can be achieved via

static inline ulong delete_lowest_bit(ulong x)

// Return word were the lowest bit set in x is cleared.
// Return O for input ==

{

return x & (x-1);

while setting the lowest unset bit is done by

static inline ulong set_lowest_zero(ulong x)

// Return word were the lowest unset bit in x is set.
// Return ~0 for imput == 0.

{

return x | (x+1);

Isolate the burst of low bits/zeros as follows:

static inline ulong low_bits(ulong x)

// Return word where all the (low end) ones are set.
// Example: 01011011 --> 00000011

// Return O if lowest bit is zero:
10110110 --> 0

if ( “OUL==x ) return ~OUL;
return (((x+1)°x) > 1);

and

static inline ulong low_zeros(ulong x)

// Return word where all the (low end) zeros are set.
// Example: 01011000 --> 00000111

// Return 0 if all bits are set.

if ( 0==x ) return ~OUL;
return (((x-1)"x) >> 1);
Isolation of the lowest block of ones (which may have zeros to the right of it) can be achieved via:

static inline ulong lowest_block(ulong x)
// Isolate lowest block of ones.

/] e.g

// x = *#*%%xxx011100

// 1 = 00000000100

// y = #*xx*xx100000

// x"y = 00000111100

é/ ret = 00000011100
ulong 1 = x & -x; // lowest bit
ulong y = x + 1;
X "=y;

return x & (x>>1);
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Extracting the index (position) of the lowest bit is easy when the corresponding assembler instruction is
used [FXT: file bits/bitasm-1386.h]:

static inline ulong asm_bsf(ulong x)
{/ Bit Scan Forward

asm ("bsfl %0, %0" : "=r" (x) : "0" (x));
return Xx;

}

Without the assembler instruction an algorithm that uses proportional log, (BITS_PER_LONG) can be used,
so the resulting function may look likeﬂ

static inline ulong lowest_bit_idx(ulong x)
// Return index of lowest bit set.

// Examples:

/ *x*k1 —=> 0

/ *x10 --> 1

/ *100 --> 2

/ Return 0 (also) if no bit is set.

AN

ulong r = 0;
x &= -x; // isolate lowest bit
#if BITS_PER_LONG >= 64

if ( x & OxfffffFFF00000000 ) r += 32;
if ( x & OxffffO000ffff0000 ) r += 16;
if ( x & OxffOOff00ff00ff00 ) r += 8;
if ( x & OxfOfOfOfOfOfOf0f0 ) r += 4;
if ( x & Oxccccccccecceccececece ) T += 2;
if ( x & Oxaaaaaaaaaaaaaaaa ) r += 1;
#else // BITS_PER_LONG >= 64
if ( x & Oxffff0000 ) r += 16;
if ( x & OxffOOff00 ) r += 8;
if ( x & 0xfOfOf0f0 ) 1 += 4;
if ( x & Oxccccccece ) 1 += 2;
if ( x & Oxaaaaaaaa ) r += 1;
#endif // BITS_PER_LONG >= 64

#endif // BITS_USE_ASM
return r;
}

The function returns zero for two inputs, one and zero. If one needs a special value for the input zero,
add a statement like

if ( 1>=x ) return x-1; // 0 if 1, “0 if O

as first line of the function.
Occasionally one wants to set a rising or falling edge at the position of the lowest bit:

static inline ulong lowest_bit_Oledge(ulong x)
// Return word where a all bits from (including) the

// lowest set bit to bit O are set.
// Return O if no bit is set.

if ( 0==x ) return O;
return x"(x-1);

static inline ulong lowest_bit_10edge(ulong x)

// Return word where a all bits from (including) the
//  lowest set bit to most significant bit are set.
{/ Return O if no bit is set.

if ( 0==x ) return O;

x "= (x-1);

// here x == lowest_bit_Oledge(x);
return ~(x>>1);

2thanks go to Nathan Bullock for emailing this improved version.
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1.5 Computing the index of a single set bit

In the function lowest_bit_idx() we first isolated the lowest bit of a word x by first setting x&=-x.
At this point, x contains just one set bit (or x==0). The following lines in the routine implement an
algorithm that computes the index of the single bit set. This section gives some alternative techniques
to compute the index of a single-bit word.

Cohen’s trick

A nice trick is presented in [16]: For N-bit words find a number m so that all powers of two are different
modulo m. That is, the order of two modulo m must be greater or equal to N. One uses a table mt [] of
size m that contains the powers of two: mt [2**j mod m] = j for j > 0 and a special value for j = 0. To
look up the index of a one-bit-word x it is reduced modulo m and mt [x] is returned.

We demonstrate the method for N = 8 where m = 11 is the smallest number with the required property.
The setup routine for the table is

const ulong m = 11; // the modulus
ulong mt[m+1];
static void mt_setup()

{
mt[0] = 0; // special value for the zero word
ulong t = 1;
for (ulong i=1; i<m; ++i)
{
mt[t] = i-1;
t *x= 2;
if (t>=m ) t -=m; // modular reduction
}

The entry in mt [0] will be accessed when the input is the zero word. One can use a special value that the
algorithm will return for input zero. Here we simply used zero in order to always have the same return
value as with lowest_bit_idx ().

The computation of the index can then be achieved by

inline ulong m_lowest_bit_idx(ulong x)

{
x &= -x; // isolate lowest bit
x %= m; // power of two modulo m
return mt[x]; // lookup

}

The code is given in the demo [FXT: demo pbits/modular-lookup-demo.cc|, the output with N = 8 (edited
for size) is

modulus 8=11

1 2 3 4 5 6 7
mt[k]J= 0 0 1 8 2 4 9 7
Lowest bit == 0: X= ..., 1= 1 x % m= 1 ==> lookup = 0
Lowest bit == 1: X= ... 1. = 2 X % m= 2 ==> lookup = 1
Lowest bit == 2: X= ..... 1.. = 4 x % m= 4 ==> lookup = 2
Lowest bit == 3: x= ....1... = 8 x % m= 8 ==> lookup = 3
Lowest bit == 4: x= ...1.... = 16 x % m= 5 ==> lookup = 4
Lowest bit == 5: x= ..1..... = 32 x % m= 10 ==> lookup = 5
Lowest bit == 6: x= .1...... = 64 x % m= 9 ==> lookup = 6
Lowest bit == 7: x=1....... = 128 x % m= 7 ==> lookup = 7

The following moduli m can be used for N bit words:

N: 4 8 16 32 64 128 256
m: b 11 19 37 67 131 269

The list was obtained via pari/gp:

for(n=2,8,N=2"n;forprime (z=N,N+9999,if (znorder (Mod(2,z))>=N,print(N,": ",z);break())))
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Using De Bruijn sequences

The following method (given in [I1I7]) is even more elegant, it uses binary De Bruijn sequences of size N.
A binary De Bruijn sequence of length 2V contains all binary words of length N (see section on
page [155]). These are the sequences for 32 and 64 bit, as binary words:

#if BITS_PER_LONG == 32

const ulong db = 0x4653ADFUL;

// == 00000100011001010011101011011111
const ulong s = 32-5;

#else

const ulong db = 0x218A392CD3D5DBFUL;

// == 0000001000011000101000111001001011001101001111010101110110111111
const ulong s = 64-6;

#endif

Let w; be the i-th sub-word from the left (high end). We create a table so that the entry with index w;
points to i:

ulong dbt[BITS_PER_LONG];
static void dbt_setup()

for (ulong i=0; i<BITS_PER_LONG; ++i) dbt[ (db<<i)>>s ] = i;
}

The computation of the index involves a multiplication and a table lookup:

inline ulong db_lowest_bit_idx(ulong x)

{
X &= -x; // isolate lowest bit
x *= db; // multiplication by a power of two is a shift
x >>=s; // use log_2(BITS_PER_LONG) highest bits
return dbt[x]; // lookup

}

The used sequences must start with at least log,(IN) — 1 zeros because in the line x *= db the word x
is shifted (not rotated). The code is given in the demo [FXT: demo bits/debruijn-lookup-demo.cc|, the
output with N = 8 (edited for size, dots denote zeros) is

db=...1.111

k =0 2 3 4 5 6 7
dbt[k] = 0 1 2 4 7 3 6 5
Lowest bit == 0: X = ..., 1 db * x = ...1.111 shifted = ........ == 0 ==> lookup = 0
Lowest bit == 1: X = ..., 1. db * x = ..1.111. shifted = ....... 1 ==1 ==> lookup = 1
Lowest bit == 2: X = ..., 1.. db * x = .1.111.. shifted = ...... 1. == 2 ==> lookup = 2
Lowest bit == 3: x=....1... db * x = 1.111 shifted = ..... 1.1 == 5 ==> lookup = 3
Lowest bit == 4: x=...1.... db * x = .111.... shifted = ...... 11 == 3 ==> lookup = 4
Lowest bit == 5: x=..1..... db * x = 111..... shifted = ..... 111 == 7 ==> lookup = 5
Lowest bit == 6: x=.1...... db * x = 11...... shifted = ..... 11. == 6 ==> lookup = 6
Lowest bit == 7: x=1....... db * x =1....... shifted = ..... 1.. == 4 ==> lookup =7

Using floating point numbers

Floating point numbers are normalized so that the highest bit in the mantissa is one. Therefore if one
converts an integer into a float then the position of the highest set bit can be read off the exponent.
By isolating the lowest bit before that operation its index can be found by the same trick. However,
the conversion between integers and floats is usually slow. Further, the technique is highly machine
dependent.

1.6 Operations on high bits or blocks of a word

For the functions operating on the highest bit there is not a way as trivial as with the equivalent task with
the lower end of the word. With a bit-reverse CPU-instruction available life would be significantly easier.
However, almost no CPU seems to have it. The following functions are given in [FXT: file bits/bithigh.h].
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Isolation of the highest set bit is achieved via the bit-scan instruction when it is available [FXT: file

bits/bitasm-1386.h|:

static inline ulong asm_bsr(ulong x)
// Bit Scan Reverse

asm ("bsrl %0, %0" : "=r" (x) : "0" (x));
return x;

}
else one may use

static inline ulong highest_bit_Oledge(ulong x)

// Return word where a all bits from (including) the
//  highest set bit to bit 0 are set.

{/ Return O if no bit is set.

x |= x>>1;
x |= x>>2;
x |= x>>4;
x |= x>>8;
x |= x>>16;
#if BITS_PER_LONG >= 64
x |= x>>32;
#endif

return Xx;

}
so the resulting code may look like

static inline ulong highest_bit(ulong x)
// Return word where only the highest bit in x is set.
// Return O if no bit is set.

#if defined BITS_USE_ASM
if ( 0==x ) return O;
x = asm_bsr(x);
return 1UL<<x;
#else
x = highest_bit_Oledge(x);
return x = (x>>1);
?endif // BITS_USE_ASM

Trivially, the highest zero can be isolated using highest_bit("x). Thereby

static inline ulong set_highest_zero(ulong x)

// Return word were the highest unset bit in x is set.
// Return ~0 for input == ~0.

{

}

return x | highest_bit( "x );

Finding the index of the highest set bit uses the equivalent algorithm as with the lowest set bit:

static inline ulong highest_bit_idx(ulong x)
// Return index of highest bit set.
// Return 0 if no bit is set.

{

#if defined BITS_USE_ASM
return asm_bsr(x);

#else // BITS_USE_ASM

if ( 0==x ) return O;

ulong r = 0;
#if BITS_PER_LONG >= 64
if ( x & (T0UL<<32) ) { x >>=32; r += 32; }
#endif
if ( x & Oxffff0000 ) { x >>= 16; r += 16; }
if ( x & 0x0000ff00 ) { x>>= 8; r += 8; }
if ( x & 0x000000f0 ) { x >>= 4; r += 4; }
if ( x & 0x0000000c ) { x >>= 2; r += 2; }
if ( x & 0x00000002 ) { r+= 1; }
return r;

#endif // BITS_USE_ASM
}

Isolation of the high zeros goes like
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static inline ulong high_zeros(ulong x)

// Return word where all the (high end) zeros are set.
// e.g.: 00011001 --> 11100000

// Returns O if highest bit is set:

{/ 11011001 --> 00000000
x |= x>>1;
x |= x>>2;
x |= x>>4;
x |= x>>8;
x |= x>>16;
#if BITS_PER_LONG >= 64
x |= x>>32;
#endif

return 7x;

}
The high bits can be isolated using arithmetical right shift

static inline ulong high_bits(ulong x)

// Return word where all the (high end) ones are set.
// e.g. 11001011 --> 11000000

// Returns O if highest bit is zero:

{/ 01110110 --> 00000000
long y = (long)x;
y &= y>>1;
y &= y>>2;
y &= y>>4;
y &= y>>8;
y &= y>>16;
#if BITS_PER_LONG >= 64
y &= y>>32;
#endif

return (ulong)y;

}

In case arithmetical shifts are more expensive than unsigned shifts, instead use

static inline ulong high_bits(ulong x)
{

}

return high_zeros( “x );

A demonstration of selected functions operating on the highest or lowest bit (or block) of binary words
is given in [FXT: demo bits/bithilo-demo.cc|. A part of the output is shown in figure on the following

page.

1.7 Functions related to the base-2 logarithm

The following functions are given in [FXT: file bits/bit2pow.h)].
The function 1d() that shall return |log,(z)| can be implemented using the obvious algorithm:
static inline ulong 1ld(ulong x)

// Return k so that 2"k <= x < 27 (k+1)
{/ If x==0 then 0 is returned (!)

ulong k = 0;
while ( x>>=1 ) { ++k; }
return k;

And then, 1d() is the same as highest_bit_idx(), so one can use

static inline ulong ld(ulong x)

{
}

return highest_bit_idx(x);

The bit-wise algorithm can be faster if the average result is known to be small.
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Figure 1.2: Operations on the highest and lowest bits (and blocks) of a binary word for two different

32-bit input words. Dots denote zeros.

The function one_bit_q() can be used to determine whether its argument is a power of two:

static inline bool one_bit_qg(ulong x)
// Return 1 iff x \in {1,2,4,8,16,...%}
{

ulong m = x-1;
return (((x"m)>>1) == m);

The following function does the same except that it returns true also for the zero argument:

static inline bool is_pow_of_2(ulong x)
é/ Return 1 if x == 0(!) or x == 2xx*k

return !(x & (x-1));

Occasionally useful in FFT based computations (where the length of the available FFTs is often restricted

to powers of two) are

static inline ulong next_pow_of_2(ulong x)
// Return x if x=2%¥k
// else return 2**ceil(log_2(x))
// Exception: returns 0 for x==
{
if ( is_pow_of_2(x) ) return x;
>> 1
>> 2;
>> 4;
>> 8;
>> 16;
_PER_LONG == 64

waiammonn
TOM MM MM

-H—_—
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x |= x > 32;
%endif

and

static inline ulong next_exp_of_2(ulong x)
// Return k if x=2%%k else return k+1.
// Exception: returns 1 for x==

{
ulong 1ldx = 1d(x);
ulong n = 1UL<<1ldx; // n<=x
if ( n==x ) return 1ldx;
else return 1dx+1;
}

The following version of next_pow_of_2() can be faster than the one given above if assembler inlines are
used:

static inline ulong next_pow_of_2(ulong x)
if ( is_pow_of_2(x) )

ulong n = 1UL<<1d(x);
return n<<1;

return x;

// n<x

1.8 Counting the bits of a word

If your CPU does not have a bit count instruction (sometimes called ‘population count’) then you might
use an algorithm given in [FXT: file bits/bitcount.h]. The following functions need proportional to
log,(BITS_PER_LONG) operations:

static inline ulong

bit_count (ulong x)

// Return number of bits set
x = (0x55555555 & x) + (0x55555555 & (x>> 1)); // 0-2 in 2 bits
x = (0x33333333 & x) + (0x33333333 & (x>> 2)); // 0-4 in 4 bits
x = (0x0f0f0f0f & x) + (0xOfOfO0fOf & (x>> 4)); // 0-8 in 8 bits
x = (0x00ff00ff & x) + (0x00ff00ff & (x>> 8)); // 0-16 in 16 bits
x = (0x0000ffff & x) + (0x0000ffff & (x>>16)); // 0-31 in 32 bits
return x;

}
The underlying idea is to do a search via bit masks. The code can be improved to either

x = ((x>>1) & 0x55555555) + (x & 0x55555555); // 0-2 in 2 bits
x = ((x>>2) & 0x33333333) + (x & 0x33333333); // 0-4 in 4 bits
x = ((x>>4) + x) & 0x0f0f0fOf; // 0-8 in 4 bits
X += x>> 8; // 0-16 in 8 bits
x += x>>16; // 0-32 in 8 bits

return x & Oxff;

or (taken from [2])

- (x>>1) & 0x55555555;

((x>>2) & 0x33333333) + (x & 0x33333333);
((x>>4) + x) & 0xO0f0f0f0f;

*= 0x01010101;

eturn x>>24;

X
X
X
X
r

Which of the latter two versions is faster mainly depends on the speed of integer multiplication.

For 64-bit words the masks have to be adapted and one more step must be added (example corresponding

to the second variant above):

x = ((x>>1) & 0x5555555555555555) + (x & 0x5555555555555555); // 0-2 in 2 bits
x = ((x>>2) & 0x3333333333333333) + (x & 0x3333333333333333); // 0-4 in 4 bits
x = ((x>>4) + x) & 0x0f0f0f0f0f0f0f0f; // 0-8 in 4 bits
X += x>> 8; // 0-16 in 8 bits
X += x>>16; // 0-32 in 8 bits
X += x>>32; // 0-64 in 8 bits
return x & Oxff;

The slightly weird algorithm
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static inline ulong bit_count_01(ulong x)
// Return number of bits in a word
// for words of the special form 00...0001...11

ulong ct = 0;
ulong a;
#if BITS_PER_LONG == 64
a = (x & (1UL<<32)) >> (32-5); // test bit 32
X >>= a; ct += a;

a = (x & (1<<16)) >> (16-4); // test bit 16
X >>= a; ct += a;

= (x & (1<<8)) >> (8-3); // test bit 8
>>= a; ct += a;

= (x & (1<<4)) >> (4-2); // test bit 4
>>= a; ct += a;

= (x & (1<<2)) >> (2-1); // test bit 2
>>= a; ct += a;

= (x & (1<<1)) >> (1-0); // test bit 1
>>= a; ct += a;

ct += x & 1; // test bit O
return ct;

HE HME Mo XK

}

avoids all branches and may be useful on a planet with pink air.

Sparse counting

When the (average input) word is known to have only a few bits set the following sparse count variant
can be advantageous:

static inline ulong bit_count_sparse(ulong x)
// Return number of bits set.

if ( 0==x ) return O;

ulong n = 0;

do { ++n; } while ( x &= (x-1) );
return n;

}

The loop will execute once for each set bit.

Counting blocks

The number of bit-blocks in a binary word can computed by the following function:

static inline ulong bit_block_count(ulong x)
// Return number of bit blocks.
E.g.:
// ..1..11111. 00111 > 3
// ...1..11111...111 > 3
/] 1..... 1.1.. >3
/] o 111.1111 > 2

return bit_count( (x"(x>>1)) ) / 2 + (x & 1);

Similarly, the number of blocks with two or more bits can be counted via:

static inline ulong bit_block_ge2_count(ulong x)
// Return number of bit blocks with at least 2 bits.

// ..1..11111. .0 .111. -> 2
// .. 100111110111 -> 2
/] .. 1..... 1.1.. >0
é/ ......... 111.1111 > 2

return bit_block_count( x & ( (x<<1) & (x>>1) ) );
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GCC builtins *

Newer versions of the GCC (starting with version 3.4) offer a function __builtin_popcountl (ulong)
that counts the bits of an unsigned long integer.

We list a few such functions, taken from [24]:

int __builtin_ffs (unsigned int x)
Returns one plus the index of the least significant 1-bit of x,
or if x is zero, returns zero.

int __builtin_clz (unsigned int x)
Returns the number of leading O-bits in x, starting at the
most significant bit position. If x is O, the result is undefined.

int __builtin_ctz (unsigned int x)
Returns the number of trailing O-bits in x, starting at the
least significant bit position. If x is O, the result is undefined.

int __builtin_popcount (unsigned int x)
Returns the number of 1-bits in x.

int __builtin_parity (unsigned int x)
Returns the parity of x, i.e. the number of 1-bits in x modulo 2.

The names of corresponding versions for arguments of type unsigned long are obtained by adding an ‘1’
to the names.

1.9 Isolating blocks of bits and single bits

The following functions are concerned with creation or extraction of bit-blocks, single bits and related
tasks.

Creating bit-blocks

The following functions are given in [FXT: file bits/bitblock.h].

static inline ulong bit_block(ulong p, ulong n)
// Return word with length-n bit block starting at bit p set.
// Both p and n are effectively taken modulo BITS_PER_LONG.

{
ulong x = (1UL<<n) - 1;
return x << p;

}
A version with indices wrapping around is

static inline ulong cyclic_bit_block(ulong p, ulong n)

// Return word with length-n bit block starting at bit p set.
// The result is possibly wrapped around the word boundary.
// Both p and n are effectively taken modulo BITS_PER_LONG.

{
ulong x = (1UL<<n) - 1;
return (x<<p) | (x>>(BITS_PER_LONG-p));

Isolating single bits or zeros

The following functions are given in [FXT: file bits/bitmisc.h]|.

static inline ulong single_bits(ulong x)
// Return word were only the single bits from x are set.

{
return x & “( (x<<1) | (x>>1) );
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static inline ulong single_zeros(ulong x)
// Return word were only the single zeros from x are set.

{
}

static inline ulong single_values(ulong x)
// Return word were only the single bits and the
//  single zeros from x are set.

{

return single_bits( “x );

return (x ~ (x<<1)) & (x ~ (x>>1));

Isolating single bits or zeros at the word boundary

static inline ulong border_bits(ulong x)
// Return word were only those bits from x are set
//  that lie next to a zero.

return x & ~( (x<<1) & (x>>1) );

static inline ulong border_values(ulong x)

// Return word were those bits/zeros from x are set
//  that lie next to a zero/bit.
{

ulong g = x = (x>>1);
g I= (g<1);
return g | (x & 1);

Isolating bits at zero-one transitions

static inline ulong high_border_bits(ulong x)
// Return word were only those bits from x are set
//  that lie right to (i.e. in the next lower bin of) a zero.

{

return x & ( x = (x>>1) );

static inline ulong low_border_bits(ulong x)

// Return word were only those bits from x are set

//  that lie left to (i.e. in the next higher bin of) a zero.
{

return x & ( x = (x<<1) );

Isolating bits or zeros at block boundaries

static inline ulong block_border_bits(ulong x)
// Return word were only those bits from x are set
{/ that are at the border of a block of at least 2 bits.

return x & ( (x<<1) =~ (x>>1) );

static inline ulong low_block_border_bits(ulong x)
// Return word were only those bits from x are set
{/ that are at left of a border of a block of at least 2 bits.

ulong t = x & ( (x<<1) =~ (x>>1) ); // block_border_bits()
return t & (x>>1);
}

static inline ulong high_block_border_bits(ulong x)
// Return word were only those bits from x are set

//  that are at right of a border of a block of at least 2 bits.

{
ulong t = x & ( (x<<1) =~ (x>>1) ); // block_border_bits()

[fxtbook draft of 2006-September-11]

Chapter 1: Bit wizardry



1.10: Bit set lookup 23

return t & (x<<1);

static inline ulong block_bits(ulong x)
// Return word were only those bits from x are set
//  that are part of a block of at least 2 bits.

{
return x & ( (x<<1) | (x>>1) );

Isolating the interior of bit blocks

static inline ulong block_values(ulong x)
// Return word were only those bits/values are set
//  that do not lie next to an opposite value.

{
}

static inline ulong interior_bits(ulong x)

// Return word were only those bits from x are set
//  that do not have a zero to their left or right.
{

return “single_values(x);

return x & ( (x<<1) & (x>>1) );

static inline ulong interior_values(ulong x)

// Return word were only those bits/zeros from x are set
//  that do have a zero/bit to their left or right.

{

return “border_values(x);

1.10 Bit set lookup

There is a mnice trick to determine whether a given number is contained in the set
{0, 1,2, ...,BITS_PER_LONG—1}. As an example, in order to determine whether x is a prime less than 32,
one can use the function

ulong m = (1UL<<2) | (1UL<<3) | (1UL<<5) | ... | (1UL<<31); // precomputed
static inline ulong is_tiny_prime(ulong x)
{

return m & (1UL << x);

The same idea applied to lookup tiny factors [FXT: file |bits/tinyfactors.h|:

static inline bool is_tiny_factor(ulong x, ulong d)

// For x,d < BITS_PER_LONG (!)

// return whether d divides x (1 and x included as divisors)
// no need to check whether d==0

{
}

The function uses the precomputed array

return ( 0 != ( (tiny_factors_tab[x]>>d) & 1 ) );

extern const ulong tiny_factors_tabl[] =

{
0x0, // x = 0: ( bits: ........ )
0x2, // x=1: 1 ( bits: ...... 1.)
0x6, // x=2: 12 ( bits: ..... 11.)
Oxa, // x=3: 13 ( bits: ....1.1.)
0x16, // x=4: 124 ( bits: ...1.11.)
0x22, // x=5: 15 ( bits: ..1...1.)
Ox4e, // x=6: 1236 (bits: .1..111.)
0x82, // x=7: 17 ( bits: 1..... 1.)
0x116, // x=8: 12438
0x20a, // x=9: 139
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[--snip--]
0x20000002, // x =29: 1 29
0x4000846e, // x =30: 12356 10 15 30
0x80000002, // x =31: 1 31

#if ( BITS_PER_LONG > 32 )
0x100010116, // x
0x20000080a, // x

32: 1248 16 32
33: 13 11 33

[--snip--]
0x2000000000000002, // x
0x4000000080000006, // x
0x800000000020028a  // x

#endif // ( BITS_PER_LONG > 32 )

3

61: 1 61
62: 1 2 31 62
63: 1379 2163

which is defined in [FXT: file bits/tinyfactors.cc|.

1.11 Bitwise rotation of a word

Neither C nor C++ have a statement for bitwise rotatiorﬂ The operations can be ‘emulated’ [FXT: file
bits/bitrotate.h]:

static inline ulong bit_rotate_left(ulong x, ulong r)
// Return word rotated r bits to the left
// (i.e. toward the most significant bit)

{
return (x<<r) | (x>>(BITS_PER_LONG-I));

As already mentioned, GCC emits exactly the CPU instruction that is meant here, even with non-constant
argument r. Well done, GCC folks!

Of course the explicit use of the corresponding assembler instruction should not do any harm:

static inline ulong bit_rotate_right(ulong x, ulong r)
// Return word rotated r bits to the right
// (i.e. toward the least significant bit)

{
#if defined BITS_USE_ASM // use x86 asm code
return asm_ror(x, r);
#else
return (x>>r) | (x<<(BITS_PER_LONG-I));
?endif

where we used [FXT: file |bits/bitasm-i386.h]:

static inline ulong asm_ror(ulong x, ulong r)

{
asm ("rorl  %kcl, %0" : "=r" (x) : "O" (x), "c" (¥));
return Xx;

}

The equivalent for the AMD64 CPU is obtained by changing rorl to rorq [FXT: file bits/bitasm-
amd64.h).

Rotations using only a part of the word length are achieved by

static inline ulong bit_rotate_left(ulong x, ulong r, ulong ldn)

// Return ldn-bit word rotated r bits to the left
// (i.e. toward the most significant bit)
{/ Must have O <= r <= 1ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );

X &= m;
x = (x<<r) | (x>>(1dn-1r));
X &= m;
return Xx;
}
and

3which I consider a missing feature.
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static inline ulong bit_rotate_right(ulong x, ulong r, ulong ldn)
// Return ldn-bit word rotated r bits to the right

// (i.e. toward the least significant bit)

{/ Must have O <= r <= 1ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );
X &= m;

x = (x>>r) | (x<<(1dn-r));

X &= m;

return Xx;

}
Finally, the functions

static inline ulong bit_rotate_sgn(ulong x, long r, ulong ldn)
// Positive r --> shift away from element zero

if (r > 0 ) return bit_rotate_left(x, (ulong)r, 1ldn);
else return bit_rotate_right(x, (ulong)-r, ldn);

}
and (full-word version)

static inline ulong bit_rotate_sgn(ulong x, long r)
// Positive r --> shift away from element zero

if (r > 0 ) return bit_rotate_left(x, (ulong)r);
else return bit_rotate_right(x, (ulong)-r);

}

are sometimes convenient.

1.12 Functions related to bitwise rotation

We give several functions related to cyclic rotations of binary words. The functions shown work on the
full length of the words, equivalents for length-1dn words are given in the the respective files.

The following function determines whether there is a cyclic right shift of its second argument so that it
matches the first argument. It is given in [FXT: file |bits/bitcyclic-match.hj:

static inline ulong bit_cyclic_match(ulong x, ulong y)
// Return r if x==rotate_right(y, r) else return ~OUL.

// In other words: return
//  how often the right arg must be rotated right (to match the left)

// or, equivalently:
//  how often the left arg must be rotated left (to match the right)

{
ulong r = 0;
do

if ( x==y ) return r;

y = bit_rotate_right(y, 1);
while ( ++r < BITS_PER_LONG );
return “OUL;

}

The minimum among all cyclic shifts of a word is can be computed via the following function given
in [FXT: file bits/bitcyclic-minmax.h|:

static inline ulong bit_cyclic_min(ulong x)
// Return minimum of all rotations of x

ulong r = 1;
ulong m = x;
do
{

x = bit_rotate_right(x, 1);
if (x<m ) m = x;

X
while ( ++r < BITS_PER_LONG );
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return m;

Selecting from all n-bit words those that are equal to their cyclic minimum gives the sequence of the
binary length-n necklaces, see section on page For example, with 6-bit words:

word period

FOWOANOIIDIWIIOMH

The values in the right column can be computed using [FXT: bit_cyclic_period() in bits/bitcyclic-
period.h|:

static inline ulong bit_cyclic_period(ulong x, ulong 1ldn)

// Return minimal positive bit-rotation that transforms x into itself.
// (using ldn-bit words)

// The returned value is a divisor of ldn.

ulong y = bit_rotate_right(x, 1, 1ldn);
return bit_cyclic_match(x, y, ldn) + 1;
}

A demo for generating necklaces via the obvious (brute force) search is [FXT: demo bits/necklace-demo.cc].
It is possible to completely avoid the rotation of partial words: let d be a divisor of the word length n.
Then the rightmost (n — 1) d bits of the word obtained as x~(x>>d) are zero exactly if the word has
period d. Thereby we can use the following function body:

ulong sl = BITS_PER_LONG-1ldn;
for (ulong s=1; s<ldn; ++s)

++sl;
if ( 0==( (x~(x>>s)) << sl ) ) return s;

}
return ldn;
Testing for periods that are not divisor of the word length can be avoided as follows:

ulong f = tiny_factors_tab[ldn];
ulong sl = BITS_PER_LONG-1dn;
for (ulong s=1; s<ldn; ++s)

{

++s1;

f >>=1;

if ( 0==(f&1) ) continue;

if ( 0==( (x~(x>>s)) << sl ) ) return s;
return ldn;

The table of tiny factors used is shown in section [1.10| on page
The version for 1dn==BITS_PER_LONG can be optimized similarly:

static inline ulong bit_cyclic_period(ulong x)
// Return minimal positive bit-rotation that transforms x into itself.
// (same as bit_cyclic_period(x, BITS_PER_LONG) )

// The returned value is a divisor of the word length,

// i.e. 1,2,4,8,...,BITS_PER_LONG.
{
ulong r = 1;
do
{
ulong y = bit_rotate_right(x, r);
if ( x==y ) return r;
r <<= 1;

}
while ( r < BITS_PER_LONG );
return r; // == BITS_PER_LONG
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}
A related function computes the cyclic distance between two words [FXT: file bits/bitcyclic-dist.h]:
inline ulong bit_cyclic_dist(ulong a, ulong b)

// Return minimal bitcount of (t ~ b)
// where t runs through the cyclic rotationms.

{
ulong d = "OUL;
ulong t = a;
do
{
ulong z =t ~ b;
ulong e = bit_count( z );
if (e<d) d=e;
t = bit_rotate_right(t, 1);
}
while ( t!=a );
return d; // not reached
}

The functions [FXT: file bits/bitcyclic-xor.h]

static inline ulong bit_cyclic_rxor(ulong x)

{
}

and

return x ~ bit_rotate_right(x, 1);

static inline ulong bit_cyclic_lxor(ulong x)

{

return x ~ bit_rotate_left(x, 1);

return a word where the number of bits is even. In order two produce a random value with an even
number of set bits one can use either variant. If the bit count shall be odd, XOR the value with onrﬂ
afterwards.

Iterated application always ends in a cycle, two examples using 6-bit words are:

17170 <-- cycle start

1 <-- cycle end

21111 <-- cycle start
11171 <-- cycle end

Le..1101
1...1.11
.1..111,
.11.1..1
11.111.1
..11..11
1.1.1.1.
11111111

........ <-- cycle start == cycle end
Cyclic shifts of a word produce cyclic shifts of the same cycle of words. A word and its complement
produce the same result.

The inverse functions need no rotation at all, the inverse of bit_cyclic_rxor() is the inverse Gray code
(see section on page [34):

static inline ulong bit_cyclic_inv_rxor(ulong x)
// Return v so that bit_cyclic_rxor(v) == x.

{

4 Actually any value with an odd number of set bits will do for the XOR.
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return inverse_gray_code(x);

}

The argument x must have an even number of bits. If this is the case then the lowest bit of the result is
zero. The complement of the returned value is also an inverse of bit_cyclic_rxor().

The inverse of bit_cyclic_lxor() is the inverse green code (see section [I.16.5 on page [38):

static inline ulong bit_cyclic_inv_lxor(ulong x)
// Return v so that bit_cyclic_lxor(v) == x.

{
}

return inverse_green_code(x);

We do not need to mask out the lowest bit because for valid arguments (that have an even number of bits)
the high bits of the result are zero. This function can be used to solve the quadratic equation v +v = 2
in the finite field GF(2™) when normal bases are used, see page

1.13 Swapping bits or blocks of a word

The functions in this section are given in [FXT: file bits/bitswap.h]
Pairs of adjacent bits can be swapped via

static inline ulong bit_swap_1(ulong x)
// Return x with neighbour bits swapped.

{
#if BITS_PER_LONG == 32
ulong m = 0x55555555UL;

#else
#if BITS_PER_LONG == 64
ulong m = 0x5555555555555555UL;

#endif
#endif
return ((x & m) << 1) | ((x & (Cm)) > 1);

The 64-bit branch is omitted in the following examples.

Groups of 2 bits are swapped by

static inline ulong bit_swap_2(ulong x)
// Return x with groups of 2 bits swapped.

{

ulong m = 0x33333333UL;

return ((x & m) << 2) | ((x & (Cm)) > 2);
Equivalently,

static inline ulong bit_swap_4(ulong x)
// Return x with groups of 4 bits swapped.

ulong m = 0x0f0f0f0fUL;
return ((x & m) << 4) | ((x & ("m)) >> 4);
}

and

static inline ulong bit_swap_8(ulong x)
// Return x with groups of 8 bits swapped.

ulong m = 0x00ff00ffUL;
return ((x & m) << 8) | ((x & ("m)) > 8);

When swapping half-words (here for 32-bit architectures)

static inline ulong bit_swap_16(ulong x)
// Return x with groups of 16 bits swapped.

{
ulong m = 0x0000ffffUL;
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return ((x & m) << 16) | ((x & (m<<16)) >> 16);

GCC is clever enough to recognize that the whole operation is equivalent to a (left or right) word
rotation and indeed emits just a single rotate instruction. We could also use the bit-rotate function from
section [I.I1] on page [24] or

return (x << 16) | (x >> 16);

Functions for swapping two selected bits are shown in section [I.1| on page

1.14 Reversing the bits of a word

Reversing the bits of a word can be achieved with successive swaps of bit-blocks as described in section|1.13
on the preceding page. The functions shown are taken from [FXT: file bits/revbin.h].

The following is a 64-bit version of revbin

static inline ulong revbin(ulong x)
// Return x with bitsequence reversed
{

bit_swap_1(x);

bit_swap_2(x);

bit_swap_4(x);

bit_swap_8(x);
bit_swap_16(x);
bit_swap_32(x);

urn x;

(2o L T | O | I

HK MMM MM

e

}
For 32-bit machines the bit_swap_32() line would have to be deleted.

The steps after bit_swap_4 () correspond to a byte-reverse operation. This operation is just one assembler
instruction for many CPUs (‘bswap’). The inline assembler with GCC for AMD64 CPUs is given in [FXT:
file bits/bitasm-amd64.h):

static inline ulong asm_bswap(ulong x)

{
asm ("bswap %0" : "=r" (x) : "0" (x));
return x;

We use it for byte reversion when available:

static inline ulong bswap(ulong x)
// Return word with reversed byte order.

{
#ifdef BITS_USE_ASM
x = asm_bswap(x) ;
#else
X = bit_swap_8(x);
X = bit_swap_16(x);
#if BITS_PER_LONG >= 64
X = bit_swap_32(x);
#endif
#endif // def BITS_USE_ASM
return Xx;
}

The function actually used for bit reversion is good for both 32 and 64 bit words:

static inline ulong revbin(ulong x)

{
X = bit_swap_1(x);
x = bit_swap_2(x);
x = bit_swap_4(x);
x = bswap(x);
return x;

}

One can generate the masks used in the process:
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static inline ulong revbin(ulong x)

{
ulong s = BITS_PER_LONG >> 1;
ulong m = "OUL >> s;
while ( s )
x=((x&m <<s) " (& (Cm)) > s );
s >>=1;
m "= (m<<s);
return x;
}

Note that the above function is pretty expensive and it is not even clear whether it beats the obvious,
bit-wise algorithm:

static inline ulong revbin(ulong x)

{
ulong r = 0, 1ldn = BITS_PER_LONG;
while ( 1ldn-- != 0 )
r <<= 1;
r += (x&1);
x >>= 1;
return r;
}

Therefore the function

static inline ulong revbin(ulong x, ulong ldn)
// Return word with the ldn least significant bits

// (i.e. bit_0 ... bit_{1dn-1}) of x reversed,
{/ the other bits are set to zero.

return revbin(x) >> (BITS_PER_LONG-1dn);

should only be used when 1dn is not too small, else replaced by the trivial algorithm.

One can also use table lookups methods so that, for example, eight bits are reversed at a time using a
256-byte table. We give the routine for full words:

unsigned char revbin_tab[256]; // reversed 8-bit words
ulong revbin_t(ulong x)

{
ulong r = 0;
for (ulong k=0; k<BYTES_PER_LONG; ++k)
r <<= 8;
r |= revbin_tab[ x & 255 ];
x >>= 8;
return r;
}

The routine can be optimized by unrolling in order to avoid all branches:

static inline ulong revbin_t(ulong x)

{
ulong r = 0;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
#if BYTES_PER_LONG > 4
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 1; x >>= 8;
r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;
#endif
return r;
}

However, reversing the first 230 binary words with this routine takes (on a 64-bit machine) longer than
with the routine using the bit_swap_NN() calls, see [FXT: demo |bits/revbin-tab-demo.cc].

Bit-hackers life would be easier if there was a CPU instruction for the reversion of a binary word.

[fxtbook draft of 2006-September-11]


file:~/work/fxt/demo/bits/revbin-tab-demo.cc

1.14: Reversing the bits of a word 31
Generating the bit-reversed words in order

If the bit-reversed words have to be generated in the (reversed) counting order and there is a significantly
cheaper way to do the update [FXT: file bits/revbin-upd.h|:

static inline ulong revbin_upd(ulong r, ulong h)

// Let n=2%x1ldn and h=n/2.

// Then, with r == revbin(x, 1ldn) at entry, return revbin(x+1l, 1ldn)
// Note: routine will hang if called with r the all-ones word

while ( !'((r"=h)&h) ) h >>= 1;
return r;

}

Now assume we want to generate the bit-reversed words of all N = 2™ words smaller than 2™. The total
number of branches with the while-loop can be estimated by observing that for half of the updates just
one bit changes, for a quarter two bits change, three bits change for one eighth of all updates, and so on.
Thereby we have (1/2+2/443/8+ ...+ n/2") N < 2N branches. Observing that the updates that
involve a single bit change occur at every second step allows to avoid half of all branches.

For large vales of IV the following method can be significantly faster if a fast routine is available for the
computation of the least significant bit in a word. The underlying observation is that for a fixed word
size n there are just n different patterns of bit-changes with incrementing. We generate a lookup table
of the bit-reversed patterns, utab[], an array of BITS_PER_LONG elements:

inline void make_revbin_upd_tab(ulong 1ldn)
// Initialize lookup table used by revbin_tupd()

utab[0] = 1UL<<(1ldn-1);
for (ulong k=1; k<ldn; ++k) wutabl[k] = utabl[k-1] | (utabl[k-1]1>>1);
}

The change patterns for n = 5 start as

pattern reversed pattern

R | 1....
.11 11...
cesal 1...
..111 111.
ceesl 1...
.11 11..
caaal 1...
L1111 1111
el 1...
.11 11.

The crucial observation is that the pattern with x set bits is used for the update of k to k + 1 when the
lowest zero of k is at position x — 1:

used when the lowest
reversed zero of k is at index:
1....

utab[0]= 0
utab[1]= 11... 1
utab[2]= 111.. 2
utab[3]= 1111. 3
utab[4]= 11111 4

The update routine can now be implemented as

inline ulong revbin_tupd(ulong r, ulong k)

// Let r==revbin(k, 1ldn) then

// return revbin(k+1, 1ldn).

// NOTE 1: need to call make_revbin_upd_tab(ldn) before usage
// where ldn=log_2(n)

// NOTE 2: different argument structure than revbin_upd()

k = lowest_bit_idx("k); // lowest zero idx
r "= utabl[k];
return r;

}

The revbin-update routines are used for the revbin permutation described in section
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30 bits | 16 bits | 8 bits

Update, bit-wise 1.00 1.00 1.00 | revbin_ upd()
Update, table 0.99 1.08 1.15 revbin tupd ()
Full, masks 0.74 0.81 0.86 revbin()

Full, 8bit table 1.77 1.94 2.06 revbin_t ()
Full32, 8-bit table 0.83 0.90 0.96 revbin t_1e32()
Fulll6, 8-bit table — 0.54 0.58 revbin t_lel6()
Full, generated masks | 2.97 3.25 3.45 [page [29

Full, bit-wise 8.76 5.77 2.50 | [page 30

Figure 1.3: Relative performance of the revbin-update and (full) revbin routines. The timing of the
bit-wise update routine is normalized to one. Values in each column should be compared, smaller values
correspond to faster routines. A column labeled “N bits” gives the timing for reversing the N least
significant bits of a word.

Relative performance of the different algorithms

The relative performance of the different revbin routines is shown in figure As a surprise, the full-
word revbin function is consistently faster than both of the update routines. This is mainly due to the
fact that the used machine (see appendix on page has a byte swap instruction. As the performance
of table lookups is highly machine dependent your results can be very different.

Alternative techniques for in-order generation

The following loop, due to Brent Lehmann [priv.comm.], also generates the bit-reversed words in succes-
sion:

ulong n = 32; // a power of two
ulong p = 0, s = 0, n2 = 2x*n;
do

// hege: s is the bit-reversed word
p +=2;
s "=n- (@/ (p&-p));

}
while ( p<n2 );

The revbin-increment is branchless but involves a division which usually is an expensive operation. With
a fast bit-scan function the loop should be replaced by

do
{
p =1
s "=n - (n > (lowest_bit_idx(p)+1));
}
while ( p<n );
A recursive algorithm for the generation of the bit-reversed words in order is given in [FXT: demo
bits/revbin-rec-demo.cc|:

ulong N;
void revbin_rec(ulong f, ulong n)

// visit( £ )
for (ulong m=N>>1; m>n; m>>=1) revbin_rec(f+m, m);

}

One has to call revbin_rec(0, 0) to generate all N-bit bit-reversed words.
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1.15 Bitwise zip

The bitwise zip (bit-zip) operation moves the lower half bits to even indices and higher half bits to odd
indices. A straightforward implementation is

ulong bit_zip(ulong a, ulong b)

{
ulong x = 0;
ulong m =1, s = 0;
for (ulong k=0; k<(BITS_PER_LONG/2); ++k)
x |= (a & m) << s;
++s;
x |= (b & m) << s;
m <<= 1;
return Xx;
}

Its inverse (bit-unzip) moves even indexed bits to the lower half-word and odd indexed bits to the higher
half-word:

void bit_unzip(ulong x, ulong &a, ulong &b)

{
a=0; b=0;
ulong m =1, s = 0;
for (ulong k=0; k<(BITS_PER_LONG/2); ++k)
a |= (x & m) > s;
++s;
m <<= 1;
b |= (x & m) > s;
m <<= 1;
}
}

The optimized versions (see [FXT: file bits/bitzip.h|), using ideas similar to those in revbin() and
bit_count (), are

static inline ulong bit_zip(ulong x)

{
#if BITS_PER_LONG == 64
x = butterfly_16(x);

#endif
x = butterfly_8(x);
x = butterfly_4(x);
X = butterfly_2(x);
x = butterfly_1(x);
return Xx;

}

and

static inline ulong bit_unzip(ulong x)
{
butterfly_1(x);
butterfly_2(x);
butterfly_4(x);
butterfly_8(x);
#if BITS_PER_LONG == 64

x = butterfly_16(x);

#endif
return Xx;
}

Both use the butterfly_x*()-functions which look like

[ I ]

static inline ulong butterfly_4(ulong x)

{
ulong t, ml, mr, s;
#if BITS_PER_LONG == 64
ml = 0x0£f000£000£000£00;

#else
ml = 0x0£f000£00;

#endif
s = 4;
mr = ml >> s;
t=((x&ml) > s ) | ((x &mnr) <<s);
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x=(x& “(ml | mr)) | t;
return Xx;

The version given by Torsten Sillke (see http://www.mathematik.uni-bielefeld.de/"sillke/)

static inline ulong Butterfly4(ulong x)

{
ulong m = 0x00£000£f0;

return ((x & m) << 4) | ((x > 4) &m) | (x & ~(0x11*m));

looks much nicer, but seems to use one more register (4 instead of 3) when compiled.

Equivalent functions that zip/unzip the bits of (the lower half of) two words are:

#define BPLH (BITS_PER_LONG/2)

static inline ulong bit_zip(ulong x, ulong y)
// two-word versiomn:

// only the lower half of x and y are merged

{
}

and

return bit_zip( (y<<BPLH) + x );

static inline void bit_unzip(ulong t, ulong &x, ulong &y)
// two-word version:
// only the lower half of x and y are filled

{
t = bit_unzip(t);
y = t >> BPLH;
x =t ~ (y<<BPLH);
}

1.16 Gray code and parity

The Gray code of a binary word can easily be computed by
static inline ulong gray_code(ulong x)

{

return x = (x>>1);

The inverse is slightly more expensive. Understanding the Gray code as ‘bitwise derivative modulo 2’
leads to the idea to compute the ‘bitwise integrals modulo 2’ for the inverse:

static inline ulong inverse_gray_code(ulong x)

{
// VERSION 1 (integration modulo 2):
ulong h=1, r=0;
do
{
lf(X&l)rA=’
x >>= 1;
h = (h<<1)+1;
}
while ( x!=0 );
return r;
}

For n-bit words, n-fold application of the Gray code gives back the original word. Using the symbol G
for the Gray code (operator) we have G™ =id, so G" ! oG =id = G~! o G. That is, applying the Gray
code computation n — 1 times gives the inverse Gray code. Thus we can simplify to

// VERSION 2 (apply graycode BITS_PER_LONG-1 times):
ulong r = BITS_PER_LONG;

while ( --r ) x "= x>>1;

return Xx;

Applying the Gray code twice is identical to x ~= x>>2; and the idea holds for all powers of two. This
leads to the most efficient way to compute the inverse Gray code:
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// VERSION 3 (use: gray ** BITSPERLONG == id):
x "= x>>1; // gray *x 1

x "= x>>2; // gray ** 2

X "= x>>4; // gray *x* 4

X "= x>>8; // gray ** 8

x "= x>>16; // gray ** 16

// here: x = gray**31(input)

// note: the statements can be reordered at will
#if BITS_PER_LONG >= 64
x "= x>>32; // for 64bit words

#endif
return Xx;

The described implementations of the Gray code are given in [FXT: file bits/graycode.h].

k: g(k) glg(k)) g(2xk) g(2xk+1)
O: . e e e e 1
1 L., 1 ... 1 L. 11 ..., 1.
2: ..., 1 1. PR s IS P e i
3 .. 1. ..., 11 ... 101 T
4. ...11. oW1 B 5 B A |
5: L1t oW1, Lo 1111 S
6: ...1.1 W11 oW 101. o111
7: .1l LLL1t. ..1.01 L1
8: 11 1.1, N B |
9: L.11.1 ..1.11 ..11.11 G111,
10: 1111 1. T 11111
11: 111, o101 L1111 R
12: ..1.1. L1111 I ..1.1.1
13: L1011 111, .1.111 .1.11.
14: .11 W11 1.1, o101
15: .1 oLt L1001 R T
16: N T R A1, 1001
17: B I A ..1.101 110011 11001,
18: B A i .11, 11011, 11,111
19: A o111 1,101 A
20: R .11 1111, 11101
21: 11111 1L, 11111 1111,
22: L1111 o101 1101, 11011
23: G111 .11, 1101 A1,
24 G101 Lo1111. P A 101001
25: .1.1.1 11111 1.1.11 1.1.1.
26: ..1.111 11t L1.111. L1.1111
27 : ..1.11. 11101 1,111 L1011,
28: .1.001, 11011 .01, 1..1.1
29: .11 G111, .1..111 L1..11.
30: 1001 1101 1.001. d.0011
31: 1 1. .00 Ao,

Figure 1.4: Gray code, squared Gray code and Gray codes of even and odd values.

Gray codes of consecutive values differ in one bit. Gray codes of Gray codes of consecutive values differ
in one or two bits. Gray codes of values that have a difference of a power of two differ two bits. Gray
codes of even/odd values have an even/odd number of bits set, respectively. This is demonstrated in
[FXT: demo bits/gray2-demo.cc|, whose output is given in figure

In order two produce a random value with an even/odd number of bits set, set the lowest bit of a random
number to zero/one, respectively, and take the Gray code.

1.16.1 The parity of a binary word

The parity of a word is its bit-count modulo two. The inverse Gray code of a word contains at each bit
position the parity of all bits of the input left from it (including itself). Thereby we use the lowest bit
[FXT: file bits/parity.h):

static inline ulong parity(ulong x)
// return 1 if the number of set bits is even, else 0O

return inverse_gray_code(x) & 1;
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Be warned that the parity bit of many CPUs is the complement of the above. With the x86-architecture
the parity bit only takes in account the lowest byte, therefore [FXT: file bits/bitasm-1386.h]:

static inline ulong asm_parity(ulong x)
{
x "= (x>>16);
x "= (x>>8);
asm ("addl $0, %0 \n"

"setnp %%al \n"

"movzx %hal, %HO"

R (X) conon (X) : lleaxll);
return x;

The equivalent code for the AMD64 CPU is [FXT: file bits/bitasm-amd64.h|:

static inline ulong asm_parity(ulong x)
{
(x>>32);
(x>>16) ;
(x>>8) ;
sm ("addq $0, %0 \n"
"setnp %%al \n"
"movzx %hal, %HO"
o M=y (X) conon (X) : lleaxll);
return Xx;

X
X
X
a

The sequence of parities of the binary words,
011010011001011010010110011010011001011001101001. ..

is called the Thue-Morse sequence (entry |A010060 of [45]). It appears in various seemingly unrelated
contexts, see [54] and section on page [683]

1.16.2 Byte-wise Gray code and parity

A byte-wise Gray code can be computed using

static inline ulong byte_gray_code(ulong x)
// Return the Gray code of bytes in parallel

{
return x -~ ((x & Oxfefefefe)>>1);

Its inverse is

static inline ulong byte_inverse_gray_code(ulong x)
// Return the inverse Gray code of bytes in parallel

{
x "= ((x & OxfefefefeUL)>>1);
x "= ((x & OxfcfcfcfcUL)>>2);
x "= ((x & 0xf0f0f0f0UL)>>4);
return x;

}

Thereby

static inline ulong byte_parity(ulong x)
// Return the parities of bytes in parallel
{

}

return byte_inverse_gray_code(x) & 0x01010101UL;

1.16.3 Incrementing (counting) in Gray code

Let g(k) be the Gray code of a number k. We are interested in efficiently generating g(k 4+ 1). Using the
observation shown in figure [1.5| on the facing page we can implement a fast Gray counter if we we use
a spare bit to keep track of the parity of the Gray code word. The following routine does it [FXT: file
bits/nextgray.h|:
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k g k) g (2%k) gk) p diff p set

O s i e e e

10 oo 1 ... B 11 ..., +1 {0}

2: ... 11 Lol 11 o110 R {0, 1}

3: ..., 1. PR A | B R | Loel1-1 {1}

4 L. 11, N I AP N R R 5 {1, 2}

5 ..111 L0111 Loo11101 o114+ {0, 1, 2%}

6 ..1.1 T R Loo101 Loo1-1 {0, 2}

7 R o101 B R | oo1-1 {2}

8 11, B I R s Lol {2, 3}

9 G111 o111 L1101 01 110+ {0, 2, 3%}
10 L1111 L 1111, L.1111 . R o {0, 1, 2, 3}
11 L 111, L.11101 o111 01 L.111- 1 {1, 2, 3%}
12 1.1, R R R B T Lo1-10 . {1, 3}

13 01011 L.10111 ..1.11 01 101+ {0, 1, 3%}
14: PR R | 1001, 1001 R R {0, 3}
15: R PR | B P | 1..-1 {3}

16: R s R B B {3, 4}
17: 11001 11,0011 J11..1 1 JA1..+1 {0, 3, 4}

Figure 1.5: The Gray code equals the Gray code of doubled value shifted to the right once. Equivalently,
we can separate the lowest bit which equals the parity of the other bits. The last column shows that the
changes with each increment always happen one position left of the rightmost bit.

inline ulong next_gray2(ulong x)

// With input x==gray_code(2%k) the return is gray_code(2xk+2).
// Let x1 be the word x shifted right once

// and il its inverse Gray code.

// Let rl be the return r shifted right once.

// Then r1l = gray_code(il+1).

// That is, we have a Gray code counter.

// The argument must have an even number of bits.

{ -
x "=1;
x "= (lowest_bit(x) << 1);
return x;

}

To obtain a Gray counter, start with x = 0, increment with x=next_gray2(pg) and use the words
g=x>>1:

ulong x = 0;

for (ulong k=0; k<n2; ++k)

{

ulong g = x>>1;

x = next_gray2(x);

// here: g == gray_code(k);
}

This is shown in [FXT: demo bits/bit-nextgray-demo.cc|.
To start at an arbitrary (Gray code) value g compute
x = (g<<1) ~ parity(g)
in order to use the statement x=next_gray2(x) for later increments.

If one works with a sets whose elements are the set bits in the Gray code then the parity is the set size k
modulo two. The increment can then be achieved as follows: If k is even then, if the first element is zero,
then remove it, else prepend the element zero. If k is odd then, if the first element equals the second
minus one, then remove the second element, else insert at the second position the element equal to the
first element plus one. Further, the decrement is obtained by simply swapping the actions for even and
odd parity.

If one works with an array that contains the elements of the set it is more convenient to actually do
the described operations at the end of the array. This leads to the (loopless) algorithm for subsets in
minimal-change order that is given in section [6.3.2] on page [186
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1.16.4 The Golay-Rudin-Shapiro sequence *

The function [FXT: file bits/grsnegative.h]

static inline ulong grs_negative_q(ulong x)

{
}

return parity( x & (x>>1) );

returns one for indices where the Golay-Rudin-Shapiro sequence (GRS-sequence) has a negative value.
The function returns one for x =

3, 6, 11, 12, 13, 15, 19, 22, 24, 25, 26, 30, 35, 38, 43, 44, 45,

47, 48, 49, 50, 52, b3, 55, 59, 60, 61, 63, 67, 70, 75, 76, 77,

79, 83, 86, 88, 89, 90, 94, 96, 97, 98, 100, 101, 103, 104, 105,
106, 110, 115, 118, 120, 121, 122, 126, 131, 134, 139, 140,

This is sequence A020985| of [45], see also section [24.3]

The sequence can be obtained by starting with a sequence of two ones an in each step appending the left
half and the negated right half of the values so far. Using ‘+’ and ‘-’ for plus and minus one, respectively:

++
+++-

+++— ++—+

+H+— -+ - -

e TR i it e o o e e

+H+— tt—t  Htt— ——t— bt -+ ———+ =+ bt =t b

3, 6, 11,12,13,15, 19, 22,

The algorithm used is to count the bit-pairs modulo 2. Note that the sequence [1111] contains three
bit-pairs: [11..], [.11.] and [..11]. The function proves to be useful in specialized versions of the
fast Fourier- and Walsh transform, see section on page [356)

1.16.5 The green code

We define the green code to be the bit-reversed word of the Gray code of the bit-reversed word. That is,
green_code(x) := revbin(gray_code(revbin(x)))

It turns out that the corresponding functions are identical to the Gray code versions up to the reversed
shift operations (C-language operators ‘>>’ replaced by ‘<<’). Thereby, computing the green code is a s
easy as [FXT: file bits/greencode.h]:

static inline ulong green_code(ulong x)

{

return x = (x<<1);

Its inverse is

static inline ulong inverse_green_code(ulong x)

{
// use: green *x BITSPERLONG == id:

"= x<<1; // green *x 1
x<<2; // green *x* 2
x<<4; // green x* 4
x<<8; // green ** 8
x<<16; // green *x 16
/ here: x = green**31(input)
// note: the statements can be reordered at will
#if BITS_PER_LONG >= 64
X "= x<<32; // for 64bit words

#endif
return Xx;
}

> ) )

)

X
X
X
X
X
/
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Demonstration of Gray and green code and their inverses with different (32-bit) input words:

111.1111. - .1111 ................ = 0xef0f0000 == word
T e gray_code

e O T TP = green_code
1.11.1.11111.1.11111111111411111 = inverse_gray_code

1.1..1.1..... s inverse_green_code
1. 1111 .1111111111111111 = 0x10f0ffff == word
I D DU B = gray_code
Al 1 = green_code
11411.1.11141.1.1.1.1.1.1.1.1 = inverse_gray_code
1111 ..... 1.1..... 1.1.1.1.1.1.1.1 = inverse_green_code
...... 1.0 oo = 0x2000000 == word
...... 1. ... .. .......... = gray_code
..... 11......................... = green_code
...... 11111111111111111111111111 = inverse_gray_code
I = inverse_green_code
111111.1111111111111111111111111 = Oxfdffffff == word
..... 1. . . .. ...... = gray_code
..... 11.......... ... ... .....1 = green_code
1.1.1..1.1.1.1.1.1.1.1.1.1.1.1.1 = inverse_gray_code
1.1.1.11.1.1.1.1.1.1.1.1.1.1.1.1 = inverse_green_code

The inverse green code contains at each bit position the parity of all bits of the input right from it,
including the bit itself. Especially, the word parity can be found in the highest bit of the inverse green
code.

The green code preserves the lowest set bit while the Gray code preserves the highest.

Let G~! and E~! be the inverse Gray- and Green code of X, respectively. Then the bit-wise sum (XOR)
of G=1 and E~! equals X if the parity of X is zero, else it equals the complement X.

1.17 Bit sequency

Functions concerned with the sequency (number of zero-one transitions) are given in [FXT: file
bits/bitsequency.h|. Sequency counting:

static inline ulong bit_sequency(ulong x)

{
}

return bit_count( gray_code(x) );

The function assumes that all bits to the left of the word are zero, and all bits to right are equals to the
lowest bit. For example, the sequency of the 8-bit word [00011111] is one. To take the lowest bit into
account, add it to the sequency (then all sequencies are even).

Computation of the minimal binary word with given sequency k:

static inline ulong first_sequency(ulong k)

// Return the first (i.e. smallest) word with sequency k,
// e.g. 00..00010101010 (seq 8)

// e.g. 00..00101010101 (seq 9)

{/ Must have: O <= k <= BITS_PER_LONG

return inverse_gray_code( first_comb(k) );

}

A faster version is (32-bit branch only):
if ( k==0 ) return O;
const ulong m = OxaaaaaaaaUL;

return m >> (BITS_PER_LONG-k);

Computation of the maximal binary word with given sequency:
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static inline ulong last_sequency(ulong k)
// Return the last (i.e. biggest) word with sequency k.
{

}

The functions first_comb(k) and last_comb (k) return a word with k bits set at the low and high end,
respectively (see section on page [58).

Generation of all words with a given sequency, starting with the smallest, can be achieved with a function
that computes the next word with the same sequency:

return inverse_gray_code( last_comb(k) );

static inline ulong next_sequency(ulong x)

// Return smallest integer with highest bit at greater or equal
// position than the highest bit of x that has the same number
// of zero-one transitions (sequency) as x.

// The value of the lowest bit is conserved.

// Zero is returned when there is no further sequence.

{

x = gray_code(x);

X = next_colex_comb(x);

x = inverse_gray_code(x) ;
) return x;

The inverse function, returning the previous word with the same sequency, is:

static inline ulong prev_sequency(ulong x)

{
x = gray_code(x);
x = prev_colex_comb(x);
x = inverse_gray_code(x);
return Xx;
}
seq= 0 1 2 3 4 5 6
........... 1 T ...1.1 .11, .1.1.1 1.1.1
R | PR .11 s I A 11.1.1
... 111 T .11 1001, 1..1.1
L1111 G111, L1011 111, 1.11.1
11111 P A L1111 .1.1.. 1.1..1
111111 R A 11001 111.1. 1.1.11
1111, 11011 11..1.
111, 10001 11.11.
P 10011 11.1..
J A .1.111 1...1.
11111. 1111.1 1..11.
1111.. 111..1 1..1..
111.. 111.11 1.111.
11.. 11...1 1.11..
1..... 11..11 1.1...
11.111
1....1
1...11
1..111
1.1111

Figure 1.6: 6-bit words of prescribed sequency as generated by next_sequency (). Note that the transi-
tion at the lower end is not counted. This is consistent with sequency counting function bit_sequency ().

The list of all 6-bit words ordered by sequency is shown in figure It was created with the program
[FXT: demo bits/bitsequency-demo.cc].

We note that the sequency of a word can be ‘complemented’ as follows:

static inline ulong complement_sequency(ulong x)
// Return word whose sequency is BITS_PER_LONG - s
// where s is the sequency of x

{
#if ( BITS_PER_LONG < 64 )
return x - OxaaaaaaaaUL;

#else R
return x Oxaaaaaaaaaaaaaaaall;

#endif
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1.18 Powers of the Gray code

The Gray code is a bit-wise linear transform of a binary word. The 2F-th power of the Gray code of z
can be computed as x = (x>>k). The e-th power can be computed as the bit-wise sum of the powers
corresponding to the bits in the exponent. This motivates [FXT: file bits/graypower.h]:

inline ulong gray_pow(ulong x, ulong e)

// Return (gray_code*xe) (x)

// gray_pow(x, 1) == gray_code(x)

// gray_pow(x, BITS_PER_LONG-1) == inverse_gray_code(x)

e &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG

ulong s = 1;
ghile (e)
if (e& 1) x "=x > s; // gray ** s
s <<= 1;
e >>=1;
}
return x;
}
The Gray code g = [go, 91,--., g7] of a 8-bit binary word = = [zg, x1,..., 7] can be expressed as a
matrix multiplication over GF'(2) (dots for zeros):
g = G X
[g0] [11...... 1 [x0]
[g1] [ .11..... 1 [x1]
[g2] [ ..11.... ] [x2]
[g31 = [ ...11... 1 [x3]
[g4] [ ....11.. ] [x4]
[g5] [..... 11. 1 [x5]
[g6] [ ..., 11 ] [x6]
[g7] [ ... 11 [x7]

The powers of the Gray code correspond to multiplication with powers of the matrix G:

1....... 11...... 1.1..... 1111, ... 1...1,.. 11..11.. 1.1.1.1. 11111111
1...... 1.0, 1.1... 1111, .. 10001, 11,011, 1.1.1.1 1111111
1..... 11.... 1.1.. 1111 1...1 L 11,011 .1.1. 111111
R 11, .. 1.1, CoW1111. 1...1 L0111 1.1.1 oG 11111
o1 R 1.1 ol 1111 1.. Lo 11 1.1, oW 1111
..... 1 R B A | Lol 111 R | R PR A § R N
...... 1 ......1% e ceell 11 R | ool 11 R B
G**0=1id G**1=G G**2 G**3 G**4 G**5 G**6 G*x7=Gx* (-1)

The powers of the inverse Gray code for N-bit words (where N is a power of two) can be computed by
the relation G¢ GN~¢ = GV = id.

inline ulong inverse_gray_pow(ulong x, ulong e)
// Return (inverse_gray_code**(e)) (x)

// == (gray_code**(-e)) (x)
// inverse_gray_pow(x, 1) == inverse_gray_code(x)
// inverse_gray_pow(x, BITS_PER_LONG-1) == gray_code(x)
{
return gray_pow(x, -e);
}
The matrices corresponding to the powers of the green code are:
1....... 1....... 1....... 1....... 1....... 1....... 1....... 1.......
1...... 1......  .1...... 11...... 1...... 11...... .1...... 11......
1..... 1.0, 1.1..... 111..... 1..... 1.0, 1.1..... 111.....
1... 11.... 1.1.... 1111, ... 1.... [ A 1.1... 1111....
R 11, .. 1.1, .. 1111, .. 1 1... 1..11... 1.1.1.. 11111, ..
..... 1 R P R L1111, . 1...1,. 11..11.. 1.1.1, 111111..
...... 1. coel 11, 1.1, L1111, 1...1, 11..11. 1.1.1.1 1111111,
....... 1 el 11 P i | Lol 1111 P R | . 110011 .1.1.1.1 11111111
Ex*0=1id Exx1=E E**2 E*x3 Exx*4 Ex*5 E*x6 Ex*7=E*x(-1)

We just have to reverse the shift operator in the functions:
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inline ulong green_pow(ulong x, ulong e)
// Return (green_codexx*e) (x)

e &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = 1;

¥hi1e (e)
if (e& 1) x "= x << s; // green *x s
s <<= 1;
e >>=1;

return Xx;

}
The inverse function is

inline ulong inverse_green_pow(ulong x, ulong e)
// Return (inverse_green_codex*(e)) (x)

{
}

return green_pow(x, -e);

1.19 Invertible transforms on words

The functions presented in this section are ‘transforms’ on binary words that are invertible. The names
are chosen as ‘some code’, emphasizing the result of the transforms, similar to the convention used with
the name ‘Gray code’. The functions are given in [FXT: file bits/bittransforms.h|.

Consider (blue code)

inline ulong blue_code(ulong a)

{
ulong s = BITS_PER_LONG >> 1;
ulong m = "OUL << s;
ghile (s)
a "= ( (a&m) >> s );
s >>=1;
m "= (m>>s);
%eturn a;
}

and (yellow code)

inline ulong yellow_code(ulong a)

{
ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL >> s;
¥hile (s)
a "= ( (a&m) << s );
s >>=1;
m “= (m<<s);
return a;
}

Both involve a computational work ~ log,(b) where b is the number of bits per word (BITS_PER_LONG).
The blue_code can be used as a fast implementation for the composition of a binary polynomial with

x + 1, see page [637}

The output of the program [FXT: demo bits/bittransforms-blue-demo.cc| is shown in figure on the
next page. The parity of B(a) is equal to the lowest bit of a. Up to the a = 47 the bit-count varies by
+1 between successive values of B(a), the transition B(47) — B(48) changes the bit-count by 3. The
sequence of the indices a where the bit-count changes by more than one is

47, 51, 59, 67, 75, 79, 175, 179, 187, 195, 203, 207, 291, 299, 339, 347, 419, 427, ...

The yellow code might be a good candidate for ‘randomization’ of binary words. The blue code maps
any range [0...2% — 1] onto itself. Both the blue code and the yellow code are self-inverse.
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= 0 b=...... 0% Y E e e 0
= ... 1 1 b=..... 1 1% y=11111111111111111111111111111111 32
=....1. 1 b=....11 2 y=1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1. 16
=....11 2 b=....1. 1 y=.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1 16
=...1.. 1 b=...1.1 2  y=11..11..11..11..11..11..11..11.. 16
=...1.1 2 b=...1.. 1  y=..11..11..11..11..11..11..11..11 16
=...11. 2 b=...11. 2x y=.11..11..11..11..11..11..11..11. 16
=...111 3 b=...111 3% y=1..11..11..11..11..11..11..11..1 16
=..1... 1 b=..1111 4 y=t1...1...1...1...1...1...1...1... 8
=..1..1 2 b=..111. 3  y=.111.111.111.111.111.111.111.111 24
=..1.1. 2 b=..11.. 2 y=..1...1...1...1...1...1...1...1. 8
=..1.11 3 b=..11.1 3  y=11.111.111.111.111.111.111.111.1 24
=..11.. 2 b=..1.1. 2 y=.1...1...1...1...1...1...1...1.. 8
=..11.1 3 b=..1.11 3  y=1.111.111.111.111.111.111.111.11 24
=..111. 3 b=..1..1 2  y=111.111.111.111.111.111.111.111. 24
=..1111 4 b=..1... 1  y=...1...1...1...1...1...1...1...1 8
=1.... 1 b=.1...1 2  y=t1i11....1111....1111....1111.... 16
=1...1 2 b=.1.... 1  y=....1111....1111....1111....1111 16
=.1..1. 2 b=.1..1. 2x y=.1.11.1..1.11.1..1.11.1..1.11.1. 16
=.1..11 3 b=.1..11 3% y=1.1..1.11.1..1.11.1..1.11.1..1.1 16
=.1.1.. 2 b=.1.1.. 2% y=..1111....1111....1111....1111.. 16
=.1.1.1 3 b=.1.1.1 3x y=11....1111....1111....1111....11 16
=.1.11. 3 b=.1.111 4  y=1..1.11.1..1.11.1..1.11.1..1.11. 16
=.1.111 4 b=.1.11. 3  y=.11.1..1.11.1..1.11.1..1.11.1..1 16
=.11. 2 b=.1111. 4  y=.1111....1111....1111....1111... 16
=.11..1 3 b=.11111 &  y=1....1111....1111....1111....111 16
=.11.1. 3 b=.111.1 4  y=11.1..1.11.1..1.11.1..1.11.1..1. 16
=.11.11 4 b=.111.. 3  y=.. A..1.11.1..1.11.1..1.11.1 16
=.111.. 3 b=.11.11 4  y=1.11.1..1.11.1..1.11.1..1.11.1.. 16
=.111.1 4 b=.11.1. 3  y=.1..1.11.1..1.11.1..1.11.1..1.11 16
=.1111. 4 b=.11. 2 y=...1111....1111....1111....1111. 16
=.11111 5 b=.11..1 3 y=1i11....1111....1111....1111....1 16

Figure 1.7: Blue and yellow transforms. Bit-counts are shown at the right of each column. Fixed points
are marked with asterisks.
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Figure 1.8: Red and cyan transforms. Bit-counts are shown at the right of each column.
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The transforms (red code)

inline ulong red_code(ulong a)

e ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL >> s;
‘zhile (s)

ulong u = a & m;
ulong v = a ~ u;
a=v "~ (u<<s);
a "= (v>>s);

s >>= 1;

m "= (m<<s);

return a;
}

and (cyan code)

inline ulong cyan_code(ulong a)

{

BITS_PER_LONG >> 1;
“O0UL << s;

ulong s
ulong m
while (
{

wonon
o

a & m;
a " u;

T
return a;

}

are demonstrated in [FXT: demo bits/bittransforms-red-demo.cc] whose output is shown in figure on
the preceding page.

1.19.1 Fixed points of the blue code

The sequence of fixed points of the blue code is (entry A118666|of [45])
o, 1, 6, 7, 18, 19, 20, 21, 106, 107, 108, 109, 120, 121, 126, 127, 258, 259, ...

If f is a fixed point then f XOR 1 is also a fixed point. Further, 2(f XOR (2 f)) is a fixed point.
These facts can be cast into a function that returns a unique fixed point for each argument [FXT: file
bits/blue-fixed-points.h|:

ulong blue_fixed_point(ulong s)

{
if ( 0==s ) return O;
ulong £ = 1;
»{ahile (s>1)
f "= (f<<1);
f <= 1;
f |= (s&l);
s >>=1;
return f;
¥

The output for the first few arguments is shown in figure on the next page. Note that the fixed
points are not in ascending order. The list was created by the program [FXT: demo bits/bittransforms-
blue-fp-demo.cc|. In terms of binary polynomials (see chapter [22| on page 7 if f(z) is a fixed point
(that is, f(x) = f(x + 1)), then both (2? + ) f(x) and 1 + (2% + x) f(x) are fixed points. The func-
tion blue_fixed_point () repeatedly multiplies by 2% 4+ = and adds one if the corresponding bit of the
argument is set.

The inverse function uses the fact that polynomial division by x + 1 can be achieved with the inverse
green code (see section [1.16.5| on page if the polynomial is divisible by z 4 1:
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0= ...... = 0
1= ..... 1 = 1
2= ....1. = 6
3= ....11 = 7
4 = ...1.. 1.1.. = 20
5=...1.1 1.. = 18
6 = ...11. 1.1.1 = 21
7= ...111 1.. = 19
8= ..1... B 120
9=..1..1 o111, = 108
10 = ..1.1. SR 126
11 = ..1.11 11101, = 106
12 = ..11.. 111101 = 121
13 = ..11.1 oo11.1101 = 109
14 = ..111. oo1111111 = 127
16 = ..1111 L..o11.1.011 = 107
16 = .1.... do0010000 = 272
17 = .1...1 .1.11.1... = 360
18 = .1..1. R 1.. = 260
19 = .1..11 .1.11111.. = 380
20 = .1.1.. 1...1.11. = 278
21 = .1.1.1 .1.11.111. = 366
22 = .1.11. B 1. = 258
23 = .1.111 .1.1111.1,. = 378
24 = .11... d.0.0.1...1 = 273
26 = .11..1 .1.11.1..1 = 361
26 = .11.1. R 1.1 = 261
27 = .11.11 .1.11111.1 = 381
28 = .111.. 1...1.111 = 279
29 = .111.1 .1.11.1111 = 367
30 = .1111. R 11 = 259
31 = .11111 .1.1111.11 = 379

Figure 1.9: The first fixed points of the blue code. The highest bit of all fixed points lies at an even
index. There are 2/ fixed points with highest bit at index n.

ulong blue_fixed_point_idx(ulong f)
// Inverse of blue_fixed_point()

{
ulong s = 1;
while ( f )
s <<= 1;
s "= (f & 1);
f >>=1;
f = inverse_green_code(f); // == bitpol_div(f, 3);
return s >> 1;
}

1.19.2 Relations between the transforms

We write B for the blue code (transform), Y for the yellow code and r for bit-reversal (the revbin-
function). Then B and Y are connected by the relations

B = YrYy (1.1a)
Y = BrB (1.1b)
B = rYr (1.1c)
Y = rBr (1.1d)
r = YBY (1.1e)
r = BYB (1.1f)
As said, B and Y are self-inverse:
B~ = B, BB=id (1.2a)
y=! =Y, YY =id (1.2b)
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The red code and the cyan code are not involutions (‘square roots of identity’) but third roots of identity
(Using R for the red code, C for the cyan code):

RRR = id, R '=RR=C (1.3a)
coccC = id, C'=CC=R (1.3b)
RC = CR=id (1.3¢)
By construction
R = TB (1.4&)
C = rYy (1.4b)

Similar inter-relations as for B and Y hold for R and C:

R = CrC (1.5a)
C = RrR (1.5b)
R = rCr (1.5¢)
C = rRr (1.5d)
R = RCR (1.5e)
C = CRC (1.5f)

One has
r = YR=RB =BC =CY (1.6)

Further
B = RY =YC =RBR =CBC (1.7a)
Y = CB =BR=RYR=CYC (1.7b)
R = BY =BCB =YCY (1.7¢)
C = YB =BRB =YRY (1.7d)

and

id = BYC =RYB (1.8a)
id = CBY =BRY (1.8b)
id = YCOCB =YBR (1.8¢)

The following multiplication table lists Z =Y X. The R in the third column of the second row says that
r B = R. The letter 4 is used for identity (id). An asterisk says that XY =Y X.

i r B Y R C
i * orf B* Y* R* C*
r * i* R C B Y
B B* C i* R Y r
Y Y* R C i* r B
R| R* Y r B C* i*
C C* B Y r i* R*
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1.19.3 Relations to Gray code and green code

Write g for the Gray code, then:

gBgB id (1.9a)
gBg = B (1.9b)

g 'Bg! = B (1.9¢)
gB = Bg! (1.94)

Let Si be the operator that rotates a word by k
bit_rotate_sgn() in bits/bitrotate.h]) then

bits (bit zero is moved to position k, use [FXT:

YS,Y g (1.10a)
YS,Y = gt (1.10b)
Y S Y = g¢F (1.10¢c)
‘Shift in the frequency domain is derivative in time domain’.
Similarly, let e be the green code operator, then
BS.1 B e ! (1.11a)
BS 1B e (1.11b)
BS,B = e* (1.11c)

1.19.4 More transforms by symbolic powering

The idea of powering a transform (as done for the Gray code in section on page can be applied
to the ‘color’-transforms as exemplified for the blue code:

inline ulong blue_xcode(ulong a, ulong x)

x &= (BITS_PER_LONG-1);

ulong s = BITS_PER_LONG >> 1;
ulong m = "OUL << s;
v{ahile (s)
if (x& 1) a "= ( (a&m) > s );
x >>= 1;
s >>= 1;
m "= (m>>s);

return a;

}

// modulo BITS_PER_LONG

The result is not the power of the blue code which would be pretty boring as B B = id. Instead the
transform (and the equivalents for Y, R and C, see [FXT: file bits/bitxtransforms.h]) are more interesting:
All relations between the transforms are still valid, if the symbolic exponent is identical with all terms.
For example, we had B B = id, now B* B* = id is true for all « (there are essentially BITS_PER_LONG
different ). Similarly, C C' = R now has to be C* C* = R*. That is, we have BITS_PER_LONG different
versions of our four transforms that share their properties with the ‘simple’ versions. Among them
BITS_PER_LONG transforms B® and Y* that are involutions and C* and R” that are third roots of the
identity: C* C* C* = R* R* R* = id.

Y? = RY = C° = id. Further, let e be the
Z, Writing ‘4’ for the XOR operation,

While not powers of the simple versions, we still have B? =
‘exponent’ of all ones and Z be any of the transforms, then Z¢
then Z* ZY = Z**Y and so Z* ZY = Z whenever = + vy = e.
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1.19.5 The building blocks of the transforms

Consider the following transforms on two-bit words where addition is bit-wise (that is, XOR):

idy v = (1)(1)‘;:‘;] (1.12a)
rav = (1)(1)222] (1.12b)
Byv = é}‘g—azb (1.12¢)
N RINEES
Ryv = ?12:(15:6 (1.12¢)
Cov = }ézza:b (1.12f)

It can easily be verified that for these the same relations hold as for id, r, B, Y, R, C'. In fact the
‘color-transforms’, bit-reversion and (trivially) id are the transforms obtained by the repeated Kronecker-
products of the matrices. The transforms are linear over GF(2):

Z(aa+pb) = aZ(a)+BZ() (1.13)

The corresponding version of the bit-reversal is [FXT: xrevbin() in bits/revbin.h]:
inline ulong xrevbin(ulong a, ulong x)

x &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = BITS_PER_LONG >> 1;
ulong m = “OUL >> s;
v‘,{lhile (s)
if (x&1) a=(C(@&m <<s) " ((a& (Cm)) > s );
x >>=1;
s >>= 1;
m "= (m<<s);

return a;

}
Then, for example R* = % B (see relation on page [46).

The yellow code the bit-wise Reed-Muller transform described in section [10.10]on page[376] The symbolic
powering is equivalent to selecting individual levels of the transform.

1.20 Moves of the Hilbert curve

An efficient algorithm that computes the direction of the n-th move of the Hilbert curve is based on the
parity of the number of threes in the radix-4 representation of n (see section [24.9.1] on page [704)).

Let d, and d, correspond to the moves at step n in the Hilbert curve. Then d,,d, € {—1,0,+1} and
exactly one of them is zero. Thereby for both p := d, + d,, and m := d,; — d,, we have p,m € {—1,+1}.

The following function computes p and returns 0,1 if p = —1, +1, respectively [FXT: file bits/hilbert.h]:

inline ulong hilbert_p(ulong t)

// Let dx,dy be the horizontal,vertical move

// with step t of the Hilbert curve.

// Return zero if (dx+dy)==-1, else one (then: (dx+dy)==+1).
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// Algorithm: count number of threes in radix 4

ulong d = (t & 0x5555555555555555UL) & ((t & OxaaaaaaaaaaaaaaaaUL) >> 1);
return parity( d );
}

The function can be slightly optimized as follows (64-bit version only):

inline ulong hilbert_p(ulong t)
{

((t & OxaaaaaaaaaaaaaaaaUL) >> 1);
t>>2;

t
t
t
t
t
t
r

}

The value of m can be computed as:

inline ulong hilbert_m(ulong t)

// Let dx,dy be the horizontal,vertical move

// with step t of the Hilbert curve.

// Return zero if (dx-dy)==-1, else one (then: (dx-dy)==+1).
{

}

return hilbert_p( -t );

It remains to merge the values of p and m into a two-bit value d that encodes the direction of the move:

inline ulong hilbert_dir(ulong t)
// Return d encoding the following move with the Hilbert curve.

//
// d \in {0,1,2,3} as follows:

// 4 : direction
// 0 : right (+x: dx=+1, dy= 0)
// 1 : down (-y: dx= 0, dy=-1)
// 2 : up (+y: dx= 0, dy=+1)
// 3 : left (-x: dx=-1, dy= 0)
{

ulong p = hilbert_p(t);

ulong m = hilbert_m(t);

ulong d = p = (m<<1);

return d;

}
To print the value of d symbolically, one can use the C++ statement cout << ("v><~")[d];.

The turn u between steps can be computed as

inline int hilbert_turn(ulong t)

// Return the turn (left or right) with the steps
// t and t-1 of the Hilbert curve.

// Returned value is

// 0 for no turn

// +1 for right turn

// -1 for left turn

{
ulong d1 = hilbert_dir(t);
ulong d2 = hilbert_dir(t-1);
di "= (d1>>1);
d2 "= (d2>>1);
ulong u = d1 - d2;
// at this point, symbolically: cout << ("+.-0+.-")[ u + 3 ];
if ( O==u ) return O;
if ( (long)u<0 ) u += 4;
X return (1==u 7 +1 : -1);

To print the value of u symbolically, one can use cout << ("-0+") [d+1];.
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The program [FXT: demo bits/hilbert-moves-demo.cc| prints the values p,m followed by the direction
and turn:

e T L A L R e A
e S s T

dir: >7<KTTOVDTOVUKUDD>TOUDD TS TLKKLYLKLT T TOYD> TS KLy KLy v Ty T T >
turn: O--+0++——++0+--0—++-0-—++-=0—-++00++-0——++—-0—++-0——+0++——++0+——

1.21 The Z-order

A 2-dimensional space-filling curve that traverses all points in each quadrant before it enters the next can
be obtained by the Z-order. The conversion between a linear parameter to a pair coordinates achieved
by separating the bits at the even and odd indices. The simple routine is [FXT: file bits/zorder.h|:

inline void lin2zorder(ulong t, ulong &x, ulong &y) { bit_unzip(t, x, y); }
The routine bit_zip() is described in section on page The inverse is
inline ulong zorder2lin(ulong x, ulong y) { return bit_zip(x, y); }

From any coordinate pair the next pair can be computed with the following (constant amortized time)
routine:

inline void zorder_next(ulong &x, ulong &y)

{
ulong b = 1;
do
{
X "= b; b &= "x;
y "= b; b=y
b <<= 1;
}
while ( b );
}

The previous pair is obtained similarly:

inline void zorder_prev(ulong &x, ulong &y)

{
ulong b = 1;
do
{
X "= b; b &= x;
y "=b; b=y
b <<= 1;
}
while ( b );
}

The routines are written in a way that generalizes trivially to more dimensions:

inline void zorder3d_next(ulong &x, ulong &y, ulong &z)

{
ulong b = 1;
do
{
X "= b; b &= "x;
y "=b; b=y
z "=b; Db &= "z;
b <<= 1;
while ( b );
}

Unlike the Hilbert curve there are steps where the curve advances more than one unit.

1.22 Scanning for zero bytes

The function
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static inline ulong contains_zero_byte(ulong x)

{
#if BITS_PER_LONG == 32

return ((x-0x01010101UL)"x) & ("x) & 0x80808080UL;
#endif

#if BITS_PER_LONG == 64
return ((x-0x0101010101010101UL) ~ x) & ("x) & 0x8080808080808080UL;
%endif

from [FXT: file |bits/zerobyte.h| determines if any sub-byte of the argument is zero. It returns zero when
x contains no zero-byte and nonzero when it does. The idea is to subtract 1 from each of the bytes and
then look for bytes where the borrow propagated all the way to the most significant bit. In order to scan
for other values than zero (e.g. 0xab) one can use contains_zero_byte( x ~ Oxababa5abUL ).

Using the simplified version
return ((x-0x01010101UL) ~ x) & 0x80808080UL;

gives false alarms when a byte equals 0x80. For one byte (in hex, omitting prefixes ‘0x’):

x-01 = 80-01 = 7f
(x-01)"x =7f ~ 80 = ff
((x-01)"x) & 80 = ff £ 80 =80 !=0

For strings where the high bit of every byte is known to be zero (for example ASCII-strings) the simple
version can be used.

The function [FXT: file aux1/bytescan.cc]

ulong long_strlen(const char *str)
// Return length of string starting at str.
{

ulong x;
const char *p = str;

// Alignment: scan bytes up to word boundary:
while ( (ulong)p % BYTES_PER_LONG )

if ( 0 == *p ) return (ulong) (p-str);
++p;

}

x = *(ulong *)p;
while ( ! contains_zero_byte(x) )

{
p += BYTES_PER_LONG;

x = *(ulong *)p;
3

// now a zero byte is somewhere in x:
while ( 0 != *p ) { ++p; }
return (ulong) (p-str);

}

may be a win for very long strings and word sizes of 64 or more bits.

1.23 Manipulation of colors

In the following it is assumed that the type uint (unsigned integer) is at least 32 bit. In this section this
data type is exclusively used as a container for three color channels that are assumed to be 8 bit each
and lie at the lower end of the word. The functions do not depend on how the channels are ordered.

The following functions are obviously candidates for your CPU’s SIMD-extensions (if it has any). How-
ever, having the functionality in a platform independent manner is sometimes convenient [FXT: file
bits/colormix.h]. The functions offer a performance that is sufficiently fast for many practical purposes:
A software rendering program that uses them operates at a not too small fraction of memory bandwidth
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when all of environment mapping, texture mapping and translucent objects are shown with (very) simple

scenes.
Scaling a color by factor between zero and one, given as integer value:

static inline uint colorO1(uint c, ulong v)
// Return color with each channel scaled by v

// 0 <= v <= (1<<16) corresponding to 0.0 ... 1.0
{
uint t;
t = ¢ & Oxff00ff00; // must include alpha channel bits ...
c "=1t; // ... because they must be removed here
t *= v,
t >>= 24; t <<= §;
v >>= 8;
C *= v;
c >>= §;
c &= 0xff00ff;
return c | t;
}
The function can alternatively be implemented as
uint t;
v >>= 8;

t = (((Oxff00ff & c) * v) >> 8 ) & OxffOOff;

t |= (((0x00ff00 & c) * v) >> 8 ) & 0x00ff00;
return t;

It is used in the computation of the weighted average of two colors:

static inline uint color_mix(uint c1, uint c2, ulong v)
// Return channel-wise average of colors: (1.0-v)*cl + v*c2
// 0 <= v <= (1<<16) corresponding to 0.0 ... 1.0
{
ulong w = ((ulong)1<<16)-v;
cl = colorO01(cl, w);
c2 = color01(c2, v);
return cl + c2; // no overflow in color channels

}
Computing the channel-wise average of two colors:

static inline uint color_mix_50(uint c1, uint c2)
// Return channel-wise average of colors cl and c2
// Shortcut for the special case (507 transparency)
// of color_mix(cl, c2, "0.5")

// The least significant bits are ignored

{
return ((cl & Oxfefefe) + (c2 & Oxfefefe)) >> 1; // 50% ci

Channel-wise mixing with higher weight (75 percent) of the first color:

static inline uint color_mix_75(uint c1, uint c2)
// The least significant bits are ignored

{
return color_mix_50(cl, color_mix_50(cl, c2)); // 75% ci

Saturated addition of color channels:

static inline uint color_sum(uint c1, uint c2)
// Return channel-wise saturated sum of colors cl and c2.
// The least significant bits are ignored.
{
uint s = color_mix_50(cl, c2);
return color_sum_adjust(s);

}
The function uses

static inline uint color_sum_adjust(uint s)
// Set color channel to max (0xff) iff an overflow occurred
(that is, leftmost bit in channel is set)

{
uint m = s & 0x808080; // 1000 0000 // overflow bits
s "= m;
m >>= 7; // 0000 0001
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m *= Oxff; // 1111 1111 // optimized to (m<<8)-m by gcc
return (s << 1) | m;

Channel-wise product of two colors, corresponding to the appearance of an object of color ¢; illuminated
by a light of color cs:

static inline uint color_mult(uint ci1, uint c2)

uint t = ((c1 & Oxff) * (c2 & 0xff)) >> 8;
cl >>= 8; c2 >>= §;

t |= ((c1l & Oxff) * (c2 & Oxff)) & 0xff00;

cl &= 0xff00; c2 >>= 8;

t |= ((cl * 02) & OXffOOOO)
return t;

}

When one does not want to discard the lowest channel bits (for example, because numerous such opera-
tions appear in a row) a more ‘perfect’ version is required [FXT: file |bits/colormixp.h|:

static inline uint perfect_color_mix_50(uint c1, uint c2)
// Return channel-wise average of colors cl and c2

{
// uint t = (c1 | c2) & 0x010101; // lowest channels bits in any arg

uint t = (c1 & c2) & 0x010101; // lowest channels bits in both args
return color_mix_50(cl, c2) + t;

static inline uint perfect_color_sum(uint cl, uint c2)

{
uint srb = (cl & Oxff00ff) + (c2 & Oxff00ff) + 0x010001;
uint mrb = srb & 0x01000100;
srb "= mrb;
uint sg = (cl & 0xf£f00) + (c2 & O0xff00) + 0x0100;
uint mg = (sg & 0x010000);
sg "= mg;
uint m = (mrb | mg) >> 1; // 1000 0000 // overflow bits
m |= (m > 1); // 1100 0000
m |= (m > 2); // 1111 0000
m |= (m> 4); // 1111 1111
return srb | sg | m;
}

Note that the last two functions are overkill for most practical purposes.

1.24 2-adic inverse and square root

The 2-adic inverse can be computed using an iteration (see section on page [445) with quadratic
convergence. The number to be inverted has to be odd.

inline ulong inv2adic(ulong x)

// Return inverse modulo 2**BITS_PER_LONG

// x must be odd

// The number of correct bits is doubled with each step

// ==> loop is executed prop. log_2(BITS_PER_LONG) times
// precision is 3, 6, 12, 24, 48, 96, ... bits (or better)

if ( 0==(x&1) ) return O; // not invertible
ulong i = x; // correct to three bits at least
ulong p;
do
{ .
p=1%*x;
i *= (2UL - p);
X
while ( p!=1);
return 1i;

}

Let m be the modulus (a power of two), then the computed value i is the inverse of x modulo m:
i = x7! mod m. It can be used for the so-called ezact division: To compute the quotient a/z for a
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number a that is known to be divisible by z, simply multiply by ¢. This works because a = bz (a is
divisible by z), so ai = bxi = b mod m.

With the inverse square root we choose the start value to match |d/2] + 1 as that guarantees four bits
of initial precision. Moreover, we get control to which of the two possible values the inverse square root
is finally reached. The argument modulo 8 has to be equal to one.

inline ulong invsqgrt2adic(ulong d)

// Return inverse square root modulo 2%*BITS_PER_LONG

// Must have: d==1 mod 8

// The number of correct bits is doubled with each step
// ==> loop is executed prop. log_2(BITS_PER_LONG) times
// precision is 4, 8, 16, 32, 64, ... bits (or better)

if (1 != (d&7) ) return O; // no inverse sqrt
// start value: if d == ****x10001 ==> x := ****1001
ulong x = (d >> 1) | 1;

ulong p, y;

do

{
y = x5
p=(0@-dx*xy*y);
x=(y xp) > 1;

}

while ( x!=y );
return x;

}
The square root can be obtained by a final multiplication with d:

inline ulong sqrt2adic(ulong d)
// Return square root modulo 2**BITS_PER_LONG
// Must have: d==1 mod 8 or d==4 mod 32, d==16 mod 128
// ... d==4*xk mod 4xx*(k+3)
// Result undefined if condition does not hold
if ( 0==d ) return O;
ulong s = 0;
while ( 0==(d&1) ) { d >>=1; ++s; }
d *= invsqrt2adic(d);
d <<= (s>>1);
return d;

}
Note that the 2-adic square root is something completely different from the integer square root.

The described functions are given in [FXT: file bits/bit2adic.h]. The output of the program [FXT: demo
bits/bit2adic-demo.cc| is shown in figure on the facing page.

For further information on 2-adic (more generally p-adic) numbers see [32], [20] and also [T12].

1.25 Radix —2 representations

Item 128 of [9] gives a surprisingly simple algorithm to obtain the radix —2 representation of a binary
number. The digits are again zero and one so the result can be represented as binary number [FXT: file
bits/negbin.hl:

inline ulong bin2neg(ulong x)
// binary --> radix(-2)

{
ulong m = OxaaaaaaaaUL; // 32 bit
X += m;
X "= m;

bl
return Xx;

An example:

14 -—> ..1..1. == 16 - 2 == (-2)74 + (-2)"1
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Figure 1.10: Examples of the 2-adic inverse and square root. Where no inverse or square root is given,
it does not exist.
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Figure 1.11: Radix —2 representations and their Gray codes. Lines ending in ‘<=N’ indicate that all
values less or equal N occur in the last column up to that point.
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The inverse routine is obtained by executing the inverse of the two steps in reversed order:
inline ulong neg2bin(ulong x)

// radix(-2) --> binary

// inverse of bin2neg()

ulong m = OxaaaaaaaaUL;
X "= m;

X -=m;

return x;

Figure on the previous page shows the output of the program [FXT: demo bits/negbin-demo.cc|.
The sequence of Gray codes of the radix —2 representation is a Gray code for

k = 1,5, 21, 85, 341, 1365, 5461, 21845, 87381, 349525, 1398101, ... (4" —1)/3

The sequence of fixed points of the conversion starts as

PR OO O~NOURHO

00000000NIMIDININI- =+

e .
-

This the Moser — De Bruijn sequence, entry |A000695| of [45]. A related power series is

H<1+x4k) = 14z+at 422420 42T 420 42 25 P 1% (1.14)
k=0

The k-th (k > 0) fixed point can be obtained moving all bits of the binary representation of k to
position 2z where x > 0 is the index of the bit under consideration:

inline ulong negbin_fixed_point(ulong k)
// Return the k-th (0<=k) fixed point of bin2neg()

ulong £ = 0;

for (ulong m=1, s=0; m!=0; m<<=1, ++s) f "= ( (k&m)<<s );

return f;
The sequence of radix —2 representations of 0, 1, 2, ... interpreted as binary numbers is entry A005351
of [45]:

0,1,6,7,4,5,26,27,24,25,30,31,28,29,18,19,16,17,22,23,20,21,106,107,104,105,110,111,
The corresponding sequence for the negative numbers —1, —2, —3, ... is entry |A005352:
3,2,13,12,15,14,9,8,11,10,53,52,55,54,49,48,51,50,61,60,63,62,57,56,59,58,37,36,39, 38,

More information about ‘non-standard’ representations of numbers can be found in [32].

1.26 A sparse signed binary representation

An algorithm to compute a representation of a number x as

o
x = Zsk 28 where s, € {1, 0, +1} (1.15)
k=0
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0: .ol o 0 =

1: 1 ... P 1= +1

2: JE P. 2 = +2

3: 1 ....P.M 3= +4 -1

4. N ....P.. 4 = +4

5: .11 ....P.P 5= +4 +1

6: LLW11 ...P.M. 6 = +8 -2

7: L1111 ...P..M 7 = +8 -1

8: N ...P... 8 = +8

9: B A | ...P..P 9 = +8 +1

10: .11, ...P.P. 10 = +8 +2

11: o111 ..P.M.M 11 = +16 -4 -1
12: s ..P.M.. 12 = +16 -4
13: L1101 ..P.M.P 13 = +16 -4 +1
14: L. 111, ..P..M. 14 = +16 -2
15: PR s ..P...M 15 = +16 -1
16: N Pl 16 = +16

17: P I | ..P...P 17 = +16 +1
18: B I ..P..P. 18 = +16 +2
19: o101 ..P.P.M 19 = +16 +4 -1
20: .11, ..P.P.. 20 = +16 +4
21: .1.1.1 ..P.P.P 21 = +16 +4 +1
22: L.1.11. .P.M.M. 22 = +32 -8 -2
23: G111 .P.M..M 23 = +32 -8 -1
24: R P.M... 24 = +32 -8
25: L.11.001 .P.M..P 25 = +32 -8 +1
26: B e I .P.M.P. 26 = +32 -8 +2
27: L.11.11 .P..M.M 27 = +32 -4 -1
28: B e I A .P..M.. 28 = +32 -4
29: L1111 .P..M.P 29 = +32 -4 +1
30: L 1111, .P...M. 30 = +32 -2
31: L.11111 .P....M 31 = +32 -1
32: 1..... Pl 32 = +32

Figure 1.12: Manfred Paul’s sparse signed binary representations. The symbols ‘P’ and ‘N’ are used for
+1 and —1, respectively.

and to consecutive digits si, Sk+1 are never simultaneously nonzero is given in [126]. Figure gives
the representation of several small numbers, it is the output of [FXT: demo bits/bin2paul-demo.cc].

We can convert the binary representation of x into a pair of binary numbers that correspond to the
positive and negative digits [FXT: file |bits/bin2paul.h]:

inline void bin2paul(ulong x, ulong &pp, ulong &pm)

// Compute Manfred Paul’s signed binary representation of x:
// the unique representation of x as

//  x=\sum_{k}{d_k*2°k} where d_j \in {-1,0,+1}

//  and no two adjacent digits d_j, d_{j+1} are both nonzero.
// pp has bits j set where d_j==+1

// pm has bits j set where d_j==-1

// Thereby: x = pp - pm

{
ulong xh = x >> 1; // x/2
ulong x3 = x + xh; // 3*x/2
ulong ¢ = xh = x3;
pp = x3 & c;
pm = xh & c;

}

The cited source refers to the the described representation as ‘M. Paul’s system’, therefore the name of
the routine. Converting back to binary is trivial:

inline ulong paul2bin(ulong pp, ulong pm)
// Inverse of bin2paul()
{

}

return ( pp - pm );

A Gray code for the signed binary words is given in section [6.11] on page [260

The sequence of values where the negative part is zero is [0, 1, 2, 4, 5, 8, 9, 10, 16, ...], entry |A003714
of [45], is shown in figure on the following page. The numbers are called the Fibbinary numbers.
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0: 0=

1: 1= +1

2: R ......P. 2 = +2

4. PP R 4 = +4

5: P .....P. 5= +4 +1

8: P P ....P... 8 = 48

9: PR I ....P.. 9 = +48 +1

10: ..o.101. ....P.P. 10 = +8 +2

16: R ...PoLL. 16 = +16

17: P AR ...P...P 17 = +16 +1
18: .11 ...P..P. 18 = +16 +2
20: P A ...P.P.. 20 = +16 +4
21: ...1.1.1 ...P.P.P 21 = +16 +4 +1
32: P LPoLL, 32 = +32
33: P T § ..P....P 33 = +32 +1
34: PR A ..P...P. 34 = +32 +2
36: L1001 ..P..P.. 36 = +32 +4
37: L1001 ..P..P.P 37 = +32 +4 +1
40: G101 ..P.P... 40 = +32 +8
41: .1.1001 ..P.P..P 41 = +32 +8 +1
42: L1011, ..P.P.P. 42 = +32 +8 +2
64 : 1...... Pl 64 = +64

Figure 1.13: The numbers whose negative part in M. Paul’s representation is zero, the so-called Fib-
binary numbers.

1.27 Generating bit combinations

1.27.1 Co-lexicographic (colex) order of the subsets

word = set = set (reversed)
111 =40,1,23F =4{2,1,0%
111 =4{0, 1, 3} ={3,1, 0}
1.1 =4{0, 2, 3} ={3, 2,01}
11, =4{1, 2, 3} ={3, 2,1}
t..11=410,1,4) ={4,1,07%
1.1.1 =40, 2, 4} ={4, 2, 0}
1.11. =41, 2, 4 } ={4, 2,1}
11..1={ 0, 3, 4 } ={4, 3, 0}
11.1. =4{1, 3, 4} ={4, 3, 11}
111 ={2,3,4% ={4, 3, 2}

Figure 1.14: Combinations (g) in co-lexicographic order. The reversed sets are sorted.

The following functions are taken from [FXT: file |bits/bitcombcolex.h]. Given a binary word with k
bits set the following routine computes the binary word that is the next combination of k bits in co-
lexicographic order (see figure . When considering the delta sets (leftmost column), the ordering
would be lexicographic. So a more precise term for our ordering is subset-colex (for sets written with
elements in increasing order). The delta-set-colex ordering would be the same sequence as shown, but
bit-reversed.

The underlying mechanism to determine the successor is to determine the lowest block of ones and move
its highest bit one position up. The rest of the block is then moved to the low end of the word.

inline ulong next_colex_comb(ulong x)

{
ulong r = x & -x; // lowest set bit
X += r; // replace lowest block by a one left to it
if ( 0==1 ) return O; // input was last combination
ulong 1 = x & -x; // first zero beyond low block
1l -=r; // low block
while ( 0==(1&1) ) {1 >>=1; } // move block to low end of word
return x | (1>>1); // need one bit less of low block
}

One might consider replacing the while-loop by a bit scan and shift combination.
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Moving backwards goes like

inline ulong prev_colex_comb(ulong x)
// Inverse of next_colex_comb()

x = next_colex_comb( “x );
if (Ol'=x ) x = "x;
return x;

The prev() routine generates the 225,792,840 combinations (30) at a rate of about 165 million objects
per second. The combinations (?3) (same number) are generated at a rate of 135 million objects per
second.

The first and last combination are

inline ulong first_comb(ulong k)

// Return the first combination of (i.e. smallest word with) k bits,
// i.e. 00..001111..1 (k low bits set)

{/ Must have: O <= k <= BITS_PER_LONG

ulong t = “OUL >> ( BITS_PER_LONG - k );

if (k==0 ) t = 0; // shift with BITS_PER_LONG is undefined
return t;

3
and

inline ulong last_comb(ulong k, ulong n=BITS_PER_LONG)

// return the last combination of (biggest n-bit word with) k bits
// i.e. 1111..100..00 (k high bits set)

{/ Must have: O <= k <= n <= BITS_PER_LONG

return first_comb(k) << (n - k);

The if-statement in first_comb () is needed because a shift by more than BITS_PER_LONG—1 is undefined
by the C-standard, see section on page

A variant of the presented (colex-) algorithm appears in [9] as item 175. The variant used here avoids
the division of the HAKMEM-version and is given by Doug Moore and Glenn Rhoads. The listing in
figure can be created with the program [FXT: demo bits/bitcombcolex-demo.cc|:

ulong n = 5, k = 3;

ulong last = last_comb(k, n);
ulong g = first_comb(k);
ulong gg = O;

do

// visit combination given as word g
gg = 8&;
g = mnext_colex_comb(g);

while ( gg!=last );

1.27.2 Lexicographic (lex) order of the subsets

The binary words corresponding to combinations (Z) in lexicographic order can be obtained as the bit-
reversed complements of the words for the combinations (,,",) in colex order, see figure on the next
page. Note a more precise term for the order is subset-lex (for sets written with elements In increasing
order). The sequence is identical to the delta-set-colex order backwards.

The program [FXT: demo bits/bitcomblex-demo.cc| shows how to compute the subset-lex sequence effi-
ciently:

ulong n = 5, k = 3;

ulong x = first_co omb (n- k) ; // first colex (n-k choose n)
const ulong m = flrst_comb(n); // aux mask

const ulong 1 = last_comb(k, n); // last colex

ulong ct = 0;
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lex (5, 3) colex (5, 2)
word = set word = set
111 =4{0, 1, 2} 11 ={0, 11}
1.11=9{0, 1, 3} .1.1=4{0, 21}
1..11={0, 1, 4} A1 ={1, 2}
111 ={0, 2, 3%} 1..1={0, 3%}
1.1.1=4{0, 2, 4} 1.1.={1, 3}
11..1={0, 3, 4} A1, ={2, 3}
A1, = {1, 2, 3} 1...1={0, 41}
1.11. = {1, 2, 4} 1..1.={1, 4%}
11.1. ={1, 3, 4} 1.1.. ={2, 41}
111.. = {2, 3, 4} 11... = {3, 41}
5

Figure 1.15: Combinations (3) in lexicographic order (left columns). The sets are sorted. The binary
words corresponding to lexicographic order are obtained from the bit-reversed complements of the words

corresponding to the co-lexicographic order of combinations (g) = (533).

ulong y;

do

{
y = revbin("x, n) & m; // lex order
// visit combination given as word y
x = next_colex_comb(x);

}
while (y !=1);

The bit-reversal routine revbin() is shown in section [I.14] on page Sections [6.1.1] on page and
section give iterative algorithms for combinations (represented by arrays) in lex and colex order,
respectively.

1.28 Generating bit subsets of a given word

In order to generate all bit-subsets of a binary word one can use the sparse counting idea shown in
section [1.8 on page The utility class is [FXT: class bit_subset in bits/bitsubset.h|:

class bit_subset
// generate all all subsets of bits of a given word

{

public:
ulong u_, v_;

public:
bit_subset(ulong v) : u_(0), v_(v) { ; }
“bit_subset() { ; }
ulong current() const { return u_; }
ulong next() { u_ (u_ - v_) & v_; return u_; }
ulong prev() { u_ (u_ - 1) & v_; return u_; }

};

With the word [...11.1.] the following sequence of words is produced by subsequent next ()-calls:

A block of ones at the right will result in the binary counting sequence, see [FXT: demo bits/bitsubset-
demo.cc].
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1.29 Binary words as subsets in lexicographic order

1.29.1 Next and previous word in lexicographic order

1: 1... = 8 {0}

2: 11.. =12 {0, 1}

3: 111. = 14 {0, 1, 2%}
4: 1111 = 15 {0, 1, 2, 3}
5: 11.1 = 13 {0, 1, 3%}
6: 1.1. =10 {0, 2}

7: 1.11 =11 {0, 2, 3}
8: 1..1 = 9 {0, 3}

9: .1.. = 4 {1}

10: .11. = 6 {1, 2}
11: 111 = 7 {1, 2, 3}
12: .1.1 = 5 {1, 3}
13: 1. = 2 {2}

14: 11 = 3 {2, 3}
15: 1 = 1 {3}

Figure 1.16: Binary words corresponding to non-empty subsets of the 4-element set in lexicographic
order with respect to subsets. Note the first element of the subsets corresponds to the highest set bit.

The (bit-reversed) binary words in lexicographic order with respect to the subsets can be generated by
successive calls to the following function [FXT: file |bits/bitlex.h]:

static inline ulong next_lexrev(ulong x)
// Return next word in lex order wrt. to subsets.

ulong x0 = x & -Xx;

if ( 1==x0 )

{
x ~= x0;
x0 = x & —-x;
x0 "= (x0>>1);

else x0 >>= 1;

x "= x0;
return Xx;

}

The bit-reversed representation was chosen because the isolation of the lowest bit is often cheaper than
the same operation on the highest bit. The routine was derived from the code in section[6.3.1jon page[183
Starting with a one-bit word at position n — 1 one generates the 2™ bit-subsets of length n. The function
can be used as follows [FXT: demo bits/bitlex-demo.cc]:

ulong n = 4; // n-bit binary words
ulong x = 1UL<<(n-1); // first subset
%o

// visit word x
while ( (x=next_lexrev(x)) );
The output for of the program is shown in figure [1.16

The following function allows to go backward:

static inline ulong prev_lexrev(ulong x)
// Return previous word in lex order wrt. to subsets.

{
ulong x0 = x & -x;
if ( x & (x0<<1) ) x "= x0;
else
x0 "= (x0<<1);
x “= x0;
x |=1;
return x;
}
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0: .... = 0 x
1: ...1 = 1 %
2: ..11 = 3
3: ..1. = 2
4: 1.1 = 5
5: 111 = 7
6: .11. = 6 *
7: .1.. = 4
8. 1..1 = 9
9: 1.11 =11
10: 1.1. = 10 =
11: 11.1 = 13
12: 1111 = 15
13: 111. = 14
14: 11. =12
15: 1.. = 8

Figure 1.17: Binary words corresponds to the subsets of the 4-element set, as generated by
prev_lexrev(). Fixed points are marked with asterisk.

Starting with zero one obtains, by repeated calls to prev_lexrev(), a sequence of words that just before
the 27-th call has visited every word of length n. The generated sequence of words corresponding to
subsets of the 4-element set is shown in figure [1.17]

The sequence 1, 3, 2, 5, 7, 6, 4, 9, ...is entry A108918 of [45]. It turns out to be useful for a special
version of fast Walsh transforms, this is described in section [10.5 on page [364

1.29.2 The sequence of fixed points

0: ... .. 514: Ao, 1.

1: o 1 540: 0000111

6: ........ 11. 556: d0001011..
10:  ....... 1.1. [--snip--]

18: ..., 1..1. 1556: A1,
34: ..... 1...1. 1572: A1,
60: ..... 1111.. 1604 A1,
66: PR S I 1668: B R A I
92: o.o10111. 1796 B 1..
108: Loa11011 . 2040 11111111
116: Coo11101, . 2050: ..., 1
130: T 1. 2076: 1...... 111..
156: o111t 2092 1..... 1.11..
172: .1.1.11 2100: 1..... 11.1..
180: 011101 2124: 1 1..11..
204: o111 2132: 1 1.1.1..
212: L1101 2148: 1....11..1..
228: ...111..1.. [--snip--]
268: ..1...... 1. 4644: 1..1...1..1..
284: ..1...111.. 4676: 1..1..1...1..
300: ..1..1.11 4740: 1..1.1....1..
308: ..1..11.1 4868: 1..11..... 1..
332: ..1.1..11 5112: 1..1111111...
340: ..1.1.1.1 5132: 1.1...... 11..
356: ..1.11..1 5140: 1.1..... 1.1..
396: ..11...11 5166: 1.1....1..1..
404: ..11..1.1 5188: 1.1...1...1..
420: ..11.1..1 5262: 1.1..1....1..
452: ..111...1 5380: 1.1.1..... 1..

Figure 1.18: Fixed points of the binary to lex-rev conversion.

The sequence of fixed points is: 0, 1, 6, 10, 18, 34, 60, 66, 92, 108, 116, 130, 156, 172, 180, 204, 212,
228, 258, 284, 300, 308, 332, 340, 356, 396, 404, 420, 452, 514, 540, 556, .... This is sequence |A079471
of [45]. Their values as bit patterns are shown in figure The crucial observation is that a word is a
fixed point exactly if (it equals zero or) its bit-count equals 2/ where j is the index of the lowest set bit.
Now we can find out whether z is a fixed point of the sequence by the following function:

static inline bool is_lexrev_fixed_point(ulong x)
// Return whether x is a fixed point in the prev_lexrev() - sequence
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if (x&1)
{
if ( 1==x ) return true;
else return false;
else
{
ulong w = bit_count(x);

= (w & -w) ) return false;
if ( 0==x ) return true;
0'!'=( x&-x) &w);

1.29.3 Conversion between binary- and lex-ordered words
A little contemplation on the structure of the binary words in lexicographic order leads to the routine
that allows random access to the k-th lex-rev word (unrank algorithm):

inline ulong negidx2lexrev(ulong k)
//  k: mnegidx2revlex(k)

// 0: .....
// 1 a1
// 2 11
// 3 1.
// 4 .11
// 5: ..111
//  6: ..11.
// T L1
// 8: .1..1
{
ulong z = 0;
ulong h = highest_bit(k);
v{vhile (k)
while ( 0==(h&k) ) h >>= 1;
z "= h;
++k;
k &= h - 1;
return z;
}

Its inverse is (rank algorithm)

inline ulong lexrev2negidx(ulong x)

{
ulong r = 0;
‘zhile (x)
ulong h = highest_bit(x);
r "= h;
x = next_lexrev(x);
h = highest_bit(x);
x "= h;
return r;
}

1.29.4 Recursive generation and relation to a Taylor series *

The following function generates the bit-reversed binary words in reversed lexicographic order:
void C(ulong f, ulong n, ulong w)

for (ulong m=1; m<n; m<<=1) C(f+m, m, w'm);
print_bin(" ", w, 10); // visit
}

Calling C(0, 32, 0) we obtain
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Vv \ i

0: 1.... 1.... 1.... 1.... %
1: 11... 11... 11... * 1...1 %
2: 111.. 111.. =* 11..1 =% 1..11 %
3: 1111, 111.1 % 11.11 % 1..1. %
4. 11111 11111 =* 11.1. * 1.11. =*
5: 111.1 1111, =* 1111, =* 1.111 =*
6: 11.1. 11.1. 11111 =* 1.1.1 %
7: 11.11 11.11 111.1 * 1.1.. %
8: 11..1 11..1 111.. * 111.. *
9: 1.1.. 1.1.. * 1.1.. 111.1 =*
10: 1.11. 1.1.1 % 1.1.1 11111 =
11: 1.111 1.111 % 1.111 1111, =*
12: 1.1.1 1.11. % 1.11. 11.1. =*
13: 1..1. 1..1. 1..1. 11.11 =
14: 1..11 1..11 1..11 11..1 *
15: 1...1 1...1 1...1 11... *
16: I A I A I R I
17: 1., 1., % .01 % 1.1
18: .111. 1.1 % 111 % .1.11
19:  .1111 111 % .1, % 1.1,
20: .11.1 11, % 11, % 111,
21: 1.1, 1.1, 1111 % L1111
22: .1.11 .1.11 1.1 % L11.1
23: .1..1 .1..1 1., % 11,
24 N P R I R R
25: ..11. .11 % 1.1 ..1.1
26: ..111 o111 % .. 111 .. 111
27: ..1.1 LL11. % L. 11, .11,
28: L1, .. 1. .. 1. .1,
29: . 11 .11 .11 L 11
30: .1 .1 .1 .1
31: oo oo e e

Figure 1.19: Conversion of the list of bit-reversed binary words in lexicographic order (left column) to
reversed Gray order (right column). From bit 2 to the highest bit, find consecutive runs where the bit in
question is set. Then in each run (symbol ‘*’), reverse the sublist from the second to the last word. The
columns just processed are marked by the symbol ‘V’.

.........0 // note zero appears at end
A slight modification of the function
void A(ulong f, ulong n)
{

cout << "1,";
for (ulong m=1; m<n; m<<=1) A(f+m, m);
cout << "0,";

generates the Taylor series (sequence A079559 of [45])

o0
H<1+x2"‘1> = l+az+a®+at+a"+28 420t 42t 204 (1.16)
n=1
Calling A(0, 32) we obtain:
1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,0,

Indeed, the lowest bit of the k-th word of the bit-reversed sequence in reversed lexicographic order equals
the (k—1)-st coeflicient in the Taylor series. The sequence can also be generated with a string substitution

engine (see section on page [263):
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: =16

1101100%1011000x

‘1101100110110001101100110110000x
'110110011011000110110011011000011011001101100011011001101100000x

1.29.5 Minimal decompositions into terms 2¢ — 1 *

...l 1 o1 = 1= 1

o011 2 .1, = 2= 1+1

o101 .11 = 3= 3

..1.1 2 .1..= 4= 3+1

..111 3 ..1.1= 5= 3+1+1
1102 ..11.= 6= 3+ 3

10001 LIl = 7T = 7

1..1 2 d...= 8= T7+1

.1.11 3 d..1= 9= 7+1+1
1.1, 2 1.1, =10= 7 + 3

.11.1 3 d11=11= 7+ 3+ 1
L1111 4 A1, =12 = 7 +3 +1+ 1
111, 3 A1.1=13= 7+ 3+ 3
1.0 2 A1l =14 = 7T+ 7

10001 .1111 = 156 = 15

1...1 2 1.... =16 =15+ 1

1..11 3 1...1=17=15+1+ 1
1..1. 2 1..1. =18 =156 + 3

1.1.1 3 1..11 =19 =15+ 3 + 1
1.111 4 1.1..=20=1656+3+1+1
1.11. 3 1.1.1=21=15+ 3+ 3
1.1.. 2 1.11. =22 =156+ 7

11..1 3 1.111 =23 =16 + 7 + 1
11.11 4 11... =24 =156 +7+ 1+ 1
11.1. 3 11..1 =26=15+7 + 3
111.1 4 11,1, =26=156+7 + 3 + 1
11111 5 11,11 =27 =156 +7 + 3 + 1+ 1
1111. 4 111.. =28 =15+7 + 3 + 3
111.. 3 111.1 =29 =16+ 7 + 7
11... 2 1111. = 30 = 15 + 15
1....1 11111 = 31 = 31

Figure 1.20: Binary words in subset-lex order and their bit counts (left columns). The least number of
terms of the form 2% — 1 needed in the sum = = Y, 2% — 1 (right columns) equals the bit count.

The least number of terms needed in the sum z = Y, 2 — 1 equals the number of bits of the lex-word
as shown in figure The number can be computed as

C = bit_count( negidx2lexrev( X ) );

Alternatively, one can subtract the greatest integer of the form 2* —1 until « is zero and count the number
of subtractions.

The sequence of these numbers is entry |A100661 of [45]:
1,2,1,2,3,2,1,2,3,2,3,4,3,2,1,2,3,2,3,4,3,2,3,4,3,4,5,4,3,2,1,2,3,2,3, ...
The following function can be used to compute the sequence:

void S(ulong f, ulong n) // A100661
{
static int s = 0;
++s;
cout << s << " ",
for (ulong m=1; m<n; m<<=1) S(f+m, m);
o
cout << s << " ",
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}

When called with arguments f = 0 and n = 2* it prints the first 2¥*1 — 1 numbers of the sequence
followed by a zero.

A generating function of the sequence is given by

2wy = =9 vall_(i;x -1 (1.17)

14+ 2+ 22 +203 + 324 +22° + 2% + 227 + 32% + 22° + 320 + 42 + 3212 + 2213 4+ ...

1.30 Minimal-change bit combinations

The wonderful

static inline ulong igc_next_minchange_comb(ulong x)
// Return the inverse graycode of the next combination in minchange order.
// Input must be the inverse graycode of the current combination.

{
ulong g = green_code(x);
ulong i = 2;
ulong cb; // ==candidateBits;
do
{
ulong y = (x & “(i-1)) + i;
ulong j = lowest_bit(y) << 1;
ulong h = !'!'(y & j);
cb = ((j-h) ~ @) & (j-i);
i=j;
while ( O==cb );
) return x + lowest_bit(cb);

together with

static inline ulong igc_last_comb(ulong k, ulong n)
// Return the (inverse graycode of the) last combination
// as in igc_next_minchange_comb()
{
if ( 0==k ) return O;

ulong f = first_sequency(k);
ulong ¢ = first_comb(n);
return ¢ - (£>>1);

// ="= (by Doug Moore)

// return ((1UL<<n) - 1) =~ (((1UL<<k) - 1) / 3);
}

could be used as demonstrated in [FXT: file bits/bitcombminchange.h]:

static inline ulong next_minchange_comb(ulong x, ulong last)
// not efficient, just to explain the usage

// of igc_next_minchange_comb ()

// Must have: last==igc_last_comb(k, n)

//

// Example with k==3, n==5:

// x inverse_gray_code(x)

// L 111 ..1.1 == first_sequency(k)
// 1.1 1.1

// J111. 111

// .1.11 L1101

// 11..1 1...1

// 11.1. 1..11

// 111.. 1.111

// 1.1.1 11..1

// 1.11. 11.11

// 1..11 111.1 == igc_last_comb(k, n)
{

X = inverse_gray_code(x);
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if ( x==last ) return O;
x = igc_next_minchange_comb(x);
return gray_code(x);

}

Each combination is different from the preceding one in exactly two positions. The same run of bit
combinations could be obtained by going through the Gray codes and omitting all words where the
bit-count is not equal to k. The algorithm shown here, however, is much more efficient.

For reasons of efficiency one may prefer code as

ulong last = igc_last_comb(k, n);
ulong c, nc = first_sequency(k);
do
{
¢ = nc;
nc = igc_next_minchange_comb(c);
ulong g = gray_code(c);
// Here g contains the bitcombination

}
while ( c!=last );

which avoids the repeated computation of the inverse Gray code.

)
1]
w
()]
b

n = = n = k n = =

PR 1 A A o011 0011 1. B e 1 A s A
PR A [ L1101 0011 R 11,11 0101, R A
PR R R I PR P A I R J1111, L1011, R
PO I A A .1.11 L1101 R 111,10 01,11, R
S A 5 A 1001 010001 R .1.111 L1101, L1,
1001 111 L1010 .1..11 R 11..11 1...1. R A
O 11, .1.111 R 11.11. 1..1.. R
101,00 11, .. .1.1.1 .11..1 R 11.1.1 1..11. R
100100 111, .1.11, 11,11 R 1111.. 1.1... R
1...1 1111 .1..11 .111.1 1. 111.1. 1.11.. R A
11.... 1..... 11...1 1....1 R 111..1 1.111. R
1.1... 11... 11..1. 1...11 1. 1.1.11 11..1. R
1..1.. 111.. 11.1.. 1..111 ..1... 1.111, 11.1.. R
1...1, 1111.. 111..., 1.1111 R 1.11.1 11.11. R
1....1 11111, 1.1..1 11...1 .. 1. 1..111 111.1. 1.

1.1.1. 11..11 R

1.11.. 11.111 L1,

1..1.1 111..1 R

1..11, 111.11 L1,

1...11 1111.1 1.,

Figure 1.21: Minimal-change combinations, their inverse Gray codes and the differences of the inverse
Gray codes. The differences are powers of two.

As Doug Moore explains [priv.comm.], the algorithm in igc next minchange comb() uses the fact that
the difference of two (inverse gray codes of) successive combinations is always a power of two, see fig-
ure See also [FXT: demo bits/bitcombminchange-demo.cc].

Using this observation one can derive a different version that checks the pattern of the change:

static inline ulong igc_next_minchange_comb(ulong x)

// Alternative version.
é/ Amortized time = 0(1).

ulong gx = gray_code( x );
ulong y, i = 2;
do
{ .
y =x + i
ulong gy = gray_code( y );
ulong r = gx "~ gy;
// Check that change consists of exactly one bit
// of the new and one bit of the old pattern:

if ( is_pow_of_2( r & gy ) && is_pow_of _2( r & gx ) ) Dbreak;

// is_pow_of_2(x):=((x & -x) == x) returns 1 also for x==0.
// But this cannot happen for both tests at the same time
i<k=1;
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while (1 );
return y;

}
Still another version which needs k, the number of set bits, as a second parameter:

static inline ulong igc_next_minchange_comb(ulong x, ulong k)
// Alternative version, uses the fact that the difference

// of two successive x is the smallest possible power of 2.
// Should be fast if the CPU has a bitcount instruction.

{/ Amortized time = 0(1).

ulong y, i = 2;
do
{
y =
i

[l

+ i;
1;

A

<

}
while ( bit_count( gray_code(y) ) !'= k );
return vy;

}
The necessary modification for the generation of the previous combination is trivial:

static inline ulong igc_prev_minchange_comb(ulong x, ulong k)

// Returns the inverse graycode of the previous combination in minchange order.
// Input must be the inverse graycode of the current combination.

// Amortized time = 0(1).

// With input==first the output is the last for n=BITS_PER_LONG

{
ulong y, i = 2;
do
{ .
y =x - i;
i<k=1;
}
while ( bit_count( gray_code(y) ) !'= k );
return vy;
}

1.31 Minimal-change Fibonacci words *

A Gray code for the binary Fibonacci words (shown in figure on the next page) can be obtained by
using the Gray code of the radix —2 representations (see section on page of binary words whose
difference is of the form

WO~ ~OO UL

COBNI-
WOWHOIN—=
OO0~ ~IL—

R A A R B

001001001001
The algorithm is to try these values as increments starting from the least, same as for the minimal-
change combination described in section [1.30| on page The next valid word is encountered if it is a
valid Fibonacci word, that is, it does not contain two consecutive set bits. The implementation is [FXT:
class bit_fibgray in bits/bitfibgray.h]:

class bit_fibgray
// Fibonacci Gray code with binary words.

i .
public:
ulong x_; // current Fibonacci word
ulong k_; // aux
ulong fw_, lw_; // first and last Fibonacci word in Gray code

ulong mw_; // max(fw_, lw_)
ulong n_; // Number of bits

public:
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j: k(j) k(j)-k(j-1)  x=bin2neg(k) gray (x)

1: S I A | L1110 o101 = 27
2: R I R I I 101000 = 26
3: .1.1111 L.o111..011 ..1..1.10 = 28
4: o111, L.11111. . 10010 =023
5: .1.1.11 o1111111 B . = 21
6: ..1.1.1. 111111, T 1= 22
7: 101001 .1111001 ..1...1.1 = 25
8: B I R L.1111. .. L1100 = 24
9: S A 5 L.110.0111 ..1.1.1.. = 32
10: B I L.o11..11, ..1.1.1.1 = 33
11: S I | S I AP | ..1.1...1 = 30
12: R R I L1l =029
13: ... 11111 L11...11 1010010 = 31
14: ..., 1 s N 1., ... 1..1. = 10
15: ... s e 0 e 1....= 8
16: ...... s e 1111, L. 1...1= 9
17: ... s 1.1 ..., 1.1.1 = 12
18: ..., 1 ... ... 1.1.. = 11
19: ... e 111 ... 1..= 3
20 L. s 1 1.1 = 4
21 oLl e 1 o 1= 1
2 = 0
23: 1111111111 oLl Lol 11 o 1. = 2
24: 11111111, ool 1 oL 1 1.1. = 7
25: 111111111 ool oL 1111 ... 1...= 5
26: 11111111, ool oL, 111, ... 1..1= 6
27: 111111...1 11...1 11001 =19
28: 111111.. .. 11.... .11, = 18
29: 11111.1111 11..11 ..1.1.1. = 20
30: 11111.11.. 1111. . ..1...1. = 15
31: 11111.1.11 111111 B = 13
32: 11111.1.1. 11111, 1.1 = 14
33: 11111.1..1 111. .1 100101 =017
34: 11111.1... 111. 100100 = 16

Figure 1.22: Gray code for the binary Fibonacci words

(rightmost column).

bit_fibgray(ulong n)
{

n_ = n;

fw_=0;

for (ulong m=(1UL<<(n-1)); m!=0; m>>=3) fw_ |= m;
lw_ = fw_ >> 1;

if ( 0==(n&1) ) { ulong t=fw_; fw_=lw_; lw_=t; }
mw_ = ( lw_>fw_ ? 1lw_ : fw_ );

x_ = fw_;

k_ inverse_gray_code(fw_);

k

neg2bin(k_);
}
“bit_fibgray() {;}

ulong next()
// Return next word in Gray code.
// Return “0 if current word is the last one.

if ( x_ == 1lw_ ) return ~OUL;
ulong s = n_;
while ( 1)
{
—-s;
ulong ¢ = 1 | (mw_ >> s);
ulong i = k_ - c;
ulong x = bin2neg(i);

x "= (x>>1);
%f ( O==(x&(x>>1)) )

k_=1i;
X_ = X;
return x;
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The algorithm is CAT (constant amortized time) and fast in practice. More than 100 million words are
produced per second. The program [FXT: demo |bits/bitfibgray-demo.cc] shows how to use the class,
figure [[.22) was created with it.

Section [6.10| on page 258 gives a recursive algorithm for Fibonacci words in Gray code order.

1.32 Binary words and parentheses *

0 .. P [empty string] — ..... [empty string]
1 .1 P O .10

2 1. L1 (O

3 11 P (O) 1.1 00

4 1., 111 (COY

5 1.1 OO0 1011 OO

6 J11. A1 O 0)

7 111 P (CON 111 (CCodM

8 1... 1..11 ()OO

9 1..1 1.1.1 000

10 1.1. 1.111 (COON
1 1.11 P (OO) 11.11 (O0))
12 11.. 111.1 OO
13 11.1 P OCO) 11111 CCCCONN
14 111,

15 1111 ccoMm

Figure 1.23: Left: Some of the 4-bit binary words can be interpreted as a string parentheses (marked
with ‘P’). Right: All 5-bit words that correspond to well-formed parentheses strings. The lists were
produced with [FXT: demo |bits/parenword-demo.cc].

words that have this property are marked with a ‘P’ in figure (left). The strings are constructed by
scanning the word from the low end and printing a ‘(" with each one and a ‘)’ with each zero. In order to
find out when to terminate one adds up +1 for each open parenthesis and —1 for a closing parenthesis.
When the ones in the binary word have been scanned then s closing parentheses have to be added where
s is the value of the sum.

A subset of the binary words can be interpreted as a (well formed) string of parentheses. The 4-bit binary
#

inline void parenword2str (ulong x, char *str)

L
int s = 0;
ulong j = 0;
for (j=0; x!=0; ++j)
{
s += (x%1 7 +1 : -1)
str[jl = ") ("[x&1];
x >>= 1;
}
while ( s—== > 0 ) str[j++] = ’)’; // finish string
str[j] = 0; // terminate string
}

The functions shown in this section are given in [FXT: file bits/parenwords.h].

The 5-bit binary words that are valid ‘paren words’ together with the corresponding strings are shown in
figure (right). Note that the lower bits in the word (right end) correspond to the begin of the string
(left end).

If a negative value for the sums occurs at any time of the computation then the word is not a paren word.
We use that fact to create a routine that determines whether a word is a paren word:

inline bool is_parenword(ulong x)
{
int s = 0;
for (ulong j=0; x!=0; ++j)
{
s += (x&1 7 +1 : -1 );
if ( <0 ) break; // invalid word
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x >>= 1;

return (s>=0);

The sequence
1, 3, 5, 7, 11, 13, 15, 19, 21, 23, 27, 29, 31, 39, 43, 45, 47, 51, 53, 55, 59, 61, 63,

of nonzero integers z so that is_parenword(x) returns true is entry A036991| of [45].

If we fix the number of paren pairs then the following functions generate the least and biggest valid binary
word:

inline ulong first_parenword(ulong n)
// Return least binary word corresponding to n pairs of parens

{

) return first_comb(n);

// Example, n=5: ..... 11111 CCcccoNn

The function simply returns a word with a block of n ones at the low end.

inline ulong last_parenword(ulong n)
// Return biggest binary word corresponding to n pairs of parens

{
ulong x = 1UL << (2%n-2), s = 2;
do
{

x |= (x>>8);

s <<= 1;
}
while ( s < BITS_PER_LONG );
return x;

}

The function returns a word with a sequence of n blocks ‘01’ at the low end. For Example, with n = 5:
Ao == 1 << (2%5-2) ==1< 8 =: x
B A = x | (x>>2) =: x
1010101 == x | (x>>4) =: x
1.1.1.1.1 == x | (x>>8) =: x
1101101 == "O0000"

..... 1111 CCcCcoN
Lo.1.111 (coon
Lot (OwON
L1111 OaoN
L1111 (OO
L1111 €O1010)
L1111 OO0
L1111 (OO

Loo110101 OO

o111 (cONO

1111 (OMAQ

11101 OO

1111 (OO0
1010101 0000

Figure 1.24: Binary words corresponding to all valid pairings of 4 parentheses.

The sequence of all valid words corresponding to n pairs of parens in colex order can be generated with
the following (slightly cryptic) function:

inline ulong next_parenword(ulong x)
// Next (colex order) binary word that is a paren word.
{
ulong b = lowest_block(x);
if ( b!'=1) // split off highest bit of lowest block:
{
++b;
b -
X

(b>>1);

b;

}

else // Gather all low "O1"s and split lowest nontrival block:
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{
if ( 0==(x & (x>>1)) ) return O;
ulong w = 0; // word where the bits are assembled
ulong s = 0; // shift for lowest block
ulong b = 1; // == lowest_bit(x)
do
{
X "= b;
w <<= 1;
wl=1;
++s;
) b = lowest_bit(x);
while ( 0==(x&(b<<1)) );
ulong z = x ~ (x+b); // lowest block
X "= z;
z &= (z>>1);
z &= (z>>1);
w "= (z>>8);
x |= w;
return x;

}
The program [FXT: demo |bits/parenword-colex-demo.cc] shows how to create a list of binary words
corresponding to n pairs of parens (code slightly shortened):

int main()

ulong n = 4; // Number of paren pairs
ulong pn = 2*n+1;

char *str = new char[n+1]; str[n] = 0;
ulong x = first_parenword(n);

¥hi1e (x)

print_bin_nn(" ", x, pn);

parenword2str(x, str);
cout << " " << str << endl;

X = next_parenword(x) ;

return O;

}
Its output with n = 4 is shown in figure [1.24] on the previous page.

Section [6.5| on page [196] gives a different formulation of the algorithm.

1.33 Error detection by hashing: the CRC

A hash value is an element from a set H that is computed via a hash function f that maps any (finite)
sequence of input data to H.

For the sake of simplicity we now consider the case that the input sequences are of fixed size so they are
in a fixed set, say S. We further assume that the set S is (much) bigger than H.

f:S—H  s—h (1.18)

where s € S and h € H.

Two input sequences with different hash values are necessarily different. But, as the hash function maps
a larger set to a smaller one, there are different input sequences with identical hash values.

A trivial example is the set H = {0, 1} together with a function that count binary digits modulo two,
the parity function. Another example is the sum-of-digits test (see section on page used to
check the multiplication of large numbers. In the test we compute the value of a multi digit number
decimal s € S modulo nine. The crucial additional property of this hash is that with f(A) = a, f(B) = b,
f(C) =c (were A, B,C are decimal numbers), then A- B = C implies a - b = c.
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A hash function f that is actually useful should have the mizing property: It should map the elements
s € S ‘randomly’ to H. With the sum-of-digits test we could have used rather arbitrary moduli for the
hash function. With one exception: the value modulo ten as hash would be pretty useless. No change in
any digit except for the last could ever be detected.

The so-called cyclic redundancy check (CRC) is a hash where the hash values are binary words of fixed
length. The hash function (basically) computes h = s mod ¢ where s is a binary polynomial build from
the input sequence and c¢ is a binary polynomial that is primitive (see chapter [22{ on page . We will
use polynomials ¢ of degree 64 so the hash values (CRCs) are 64-bit words.

An C++ implementation is given as [FXT: class crc64 in bits/crc64.h):

class crc64
// 64-bit CRC (cyclic redundancy check)

.

public:
uint64 a_; // internal state (polynomial modulo c)
uint64 c_; // a binary primitive polynomial

// (non-primitive c lead to smaller periods)
// The leading coefficient needs not be present.
uint64 h_; // auxiliary

static const uint64 cc[]l; // 16 "random" 64-bit primitive polynomials
public:
%rc64(uint64 c=0)

if ( O==c ) c¢ = Ox1bULL; // ="= 64,4,3,1,0 (default)
init(c);

~“crc64() {;}
void init(uint64 c)

c_ = c;

c_ >>=1;

h_ = 1ULL<<63;

c_ |=h_; // leading coefficient
reset();

}

void reset() { set_a("OULL); } // all ones
void set_a(uint64 a) { a_=a; }

uint64 get_a() const { return a_; }
[--snip--]

Note that a nonzero initial state (member variable a) is used: Starting with zero will only go to a nonzero
state with the first nonzero bit in the input sequence. That is, input sequences differing only by initial
runs of of zeros would get the same CRC.

After an instance is created one can feed in bits via bit_in(b) where lowest bit of b must contain the
bit to be used:

[--snip--]
¥oid shift ()

uint64 bit_in(unsigned char b)

{
a_ "= (b&l);
shift();
return a_;

}

[--snip--]

When a byte is to be checksummed we can do better than just feeding in the bits one by one. This is
achieved adding the byte followed by eight calls to shift():

[--snip--]
uint64 byte_in(unsigned char b)
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{
#if 1
a_ "= b;
shift(); shift(); shift(); shift();
shift(); shift(); shift(); shift();
#else // identical but slower:

bit_in(b); b>>=1; // bit 0
bit_in(b); b>>=1; // bit 1
bit_in(b); b>>=1; // bit 2
bit_in(b); b>>=1; // bit 3
bit_in(b); b>>=1; // bit 4
bit_in(b); b>>=1; // bit 5
bit_in(b); b>>=1; // bit 6
bit_in(b); b>>=1; // bit 7
#endif
return a_;
[--snip--]

The lower block implements the straightforward idea. The program [FXT: demo Dbits/crc64-demo.cc
computes the 64-bit CRC of a single byte in both ways.

Binary words are fed in byte by byte, starting from the lower end:
uint64 word_in(uint64 w)

ulong k = BYTES_PER_LONG_LONG;
while ( k-- ) { byte_in( (uchar)w ); w>>=8; }
return a_;

Finally, if one wants to feed in a given number of bits of a word, the following member function can be
used:

uint64 bits_in(uint64 w, uchar k)

if (k&1 ) { a_ "= (w&1); w >>=1; shift(; }

k >>=1;

if (k&1 ) { a_ "= (w&3); w >>= 2; shift(); shift(; }

k >>= 1;

if (k&1 ) { a_ "= (w&15); w >>= 4; shift(); shift(); shift(); shift(); }
k >>= 1;

while ( k-- ) { byte_in( (uchar)w ); w>>=8; }
}

The operation is the optimized equivalent to
while ( k-- ) { bit_in( (uchar)w ); w>>=1; }

If two sequences differ in a single block of up to 64 bits, their CRCs will be different. The probability that
two different sequences have the same CRC equals 274 ~ 5.42 - 10729, If that is not enough (and one
does not want to write a CRC with more than 64 bits) then one can simply use two (or more) instances
where different polynomials must be used. The first 16 ‘random’ primitive polynomials are given [FXT:
file bits/crc64.cc| as static class member ulong cc[]:

const uint64 crc64::cc[] = {
0x5a0127dd34af1e81ULL, // [0]
Ox4ef12e145d0e3ccdULL, // [1]
0x16503f45acce9345ULL, // [2]
0x24e8034491298b3fULL, // [3]
0x9e4a8ad2261db8b1ULL, // [4]
0xb199aecfbb17a13fULL, // [5]
0x3f1fa2ccOdfbbf51ULL, // [6]
0xfb6e45b2f694fb1fULL, // [7]
0xd4597140a01d32edULL, // [8]
0xbd08bala2d621bffULL, // [9]
0xae2b680542730db1ULL, // [10]
0x8ec06ec4a8fe8f6dULL, // [11]
0xb89a2ecea2233001ULL, // [12]
0x8b996e790b615ad1ULL, // [13]
0x7eaef8397265e1f9ULL, // [14]
0xf368ae22deecc7c3ULL, // [15]

};

These are taken from the list [FXT: file data/rand64-hex-primpoly.txt]. Initialize multiple CRCs as follows
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crc64 crca( crc64::ccl0] );
crc64 crcb( crc64::ccl1] );

A class for 32-bit CRCs is given in [FXT: class crc32 in|bits/crc32.h]. Its usage is completely equivalent.

The CRC can easily be implemented in hardware and is, for example, used to detect errors in hard disk
blocks. When a block is written its CRC is computed and stored in an extra word. When the block is
read, the CRC is computed from the data and compared to the stored CRC. A mismatch indicates an
error.

One property that the CRC does not have is the cryptographic security. It is possible to intentionally
create a data set with a prescribed CRC. With secure hashes (like MD5 and SHA1) it is (practically) not
possible to do so. Secure hashes can be used to ‘sign’ data. Imagine you distribute a file (for example an
binary executable) over the internet. You want to make sure that someone downloading the file (from
any source) can verify that it is not an altered version (like, in the case of an executable, a malicious
program). To do so you create a (secure!) hash value which you publish on your web site. Any person
can verify the authenticity of the file by computing the hash and comparing it to the published version.
[Note added: recently successful attacks on both MD5 (see [I143]) and SHA1 were reported).

1.33.1 Optimization via lookup tables

One can feed in an n-bit word w into the CRC in one step (instead of n steps) as follows: Add w to (the
CRC word) a. Save the lowest n bits of the result to a variable z. Right shift @ by n bits. Add to a the
entry x of an auxiliary table ¢.

For n = 8 the operation can be implemented as [FXT: class tcrc64 in bits/tcrc64.hl:

uint64 byte_in(uchar b)

{
a_ "= b;
uint64 x = t_[a_ & 255];
a_ >>= 8;
a_ "= x;
return a_;
}

The size of the table is 2™ = 256 words. For n = 1 the table would have only two entries, zero and ¢, the
polynomial used. Then the implementation reduces to

%int64 bit_in(uchar b)

a_ "= (b&l);

bool s = (a_ & 1);

a_ >>= 1;

if (0!=s ) a_ "=c_; // t[0]=0; t[1l=c_;

return a_;

}

which is equivalent to the bit_in() routine of the unoptimized CRC.
The lookup table is computed upon class initialization as follows:
for (ulong w=0; w<256; ++uw)
set_a(0);

for (ulong k = 0; k<8; ++k) Dbit_in( (uchar)w>>k );
t_[w]l = a_;

The class actually allows to use tables of either 16 or 256 words. When a table of size 16 is used, the
computation is about 6 times faster than with the non-optimized routine. A table of size 256 gives a
speedup by a factor of 12. Optimization techniques based on lookup tables are often used in practical
applications, both in hardware and in software, see [70].
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1.33.2 Parallel CRCs

A very fast method for checksumming is to compute the CRCs for each bit of the fed-in words in parallel.
An array of 64 words is used [FXT: class pcrc64 in bits/pcrc64.hj:

template <typename Type>

class pcrc64

// Parallel computation of 64-bit CRCs for each bit of the input words.
// Primitive polynomial used is x"64 + x"4 + x"3 + x"2 + 1

gublic:
Type x_[64]; // CRC data
// bit(i) of x_[0], x_[1], ..., x_[63] is a 64-bit CRC
//  of bit(i) of all input words
uint pos_; // position of constant polynomial term
const uint m_; // mask to compute mod 64

Upon initialization all words are set to all ones:

public:
pcrc64()
: m_(63)
reset();

“pcrced() { ; }

void reset()
pos_ = 0;
Type ff = 0; £f = “ff;
for (uint k=0; k<64; ++k) =x_[k] = ff;
The cyclic shift of the array is avoided by working modulo 64 when feeding in words:
void word_in(Type w)

{ uint p = pos_;
pos_ = (p+1) & m_;
uint h = (p-1) & m_;
Type a = x_[p &m1; // 0
p =2
a"=x_[p&ml; //2
+4p;
a"=x_[p&mwml; //3
++p;

a"=x[p&ml; //4
x_[h] = a = w;

The algorithm corresponds to the Fibonacci setup of the linear feedback shift registers (see section
on page D There is no primitive trinomial with degree a multiple of eight so we use the pentanomlal

4 4 2% + 23 + 22 + 1. With an array size where a primitive trinomial exists the modulo computations
would be more expensive.

A unrolled routine can be used to feed in multiple words:

void words_in(Type *w, ulong n)

{
if ( n&1 ) { word_in(w[01); ++w; }
n >>= 1;
if (n&l ) { word_in(w[0]); word_in(w[1l); w+=2; }
n >>= 1;
for (ulong k=0; k<n; ++k)
{
word_in(w[0]);
word_in(w([1]);
word_in(w[2]);
word_in(w([3]);
w += 4;
}
}
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The program [FXT: demo |bits/pcrc64-demo.cc] feeds the numbers up to a given value into a
pcrc64<uint>:

int main()

Type n = 32768;
pcrc64<Type> P;
for (Type k=0; k<n; ++k) P.word_in(k);

// print array P.x_[] here
}

This rather untypical type of input data illustrates the independence of the bits in the array x_[]:

Of i 1..1.1.11.111.
1: iiiiiiiiiiiiiiiiicddnicditndiiand:
2: 111111111111999900 AL LN
3: 111111111111111313.1..1111... .11,
4: 11111111111111111.1..1.1111.11.,
= 11...1..1..... 1
B s 1.1.11111.1.11.
7: 111111111111111111.1.1.11.1..1..
g: 1111111111111111111.1...1.11111.
9: 111111111111111111.1111.1.1.1..,
100 o 111...1..1..1
11: 11111111111111111;.11711.1..1.1.1
12: oo ST O & s
13: Ir-iciviintiiig
[--snip--]
99 L .1.11.11.1.1
60: iidddddddddddddddzir;rirritiin;e
6l: L. I 11
62: 1iiiiiid4444444447;41°011;;1;°%%,
63: .. 1100171111044

The implementation can process about 900 MB of data per second when integer types are used and about
850 MB/sec with character type.

1.34 Permutations via primitives

This section gives two methods to specify permutations of the bits of a binary word via one or more
control words. The methods are suggestions for machine instructions that can serve as primitives for
permutations of the bits of a word.

A restricted method

Generalizing the symbolic-powering idea given in chapter [1.19] on page [42] we can specify a subset of all
permutations by selecting bit-blocks of the masks (for 32-bit words)

11001 Siivirddn
DR RS U DS D D D
Subsets of the blocks of the masks ca
highest bit of each block:

=]

bits 15 .

bits T ...
.. P bits 3 11 ...
DS R O AR APRAD: APRAD: AP AP bits 1 5 9 13 ...
1.1.1.1.1.101010101.1.1.1.10101 bits 0 2 4 6 8 10 12 14 ...

Thereby one can use all (except for the highest) bits of a word to select the blocks where the bits defined
by the block and those left to it should be swapped. A implementation of the implied algorithm can be
found in [FXT: demo bits/bitperm1l-demo.cc]. Arrays are used to give more readable code:

void perml(uchar *a, ulong ldn, const uchar *x)
// Permute a[] according to the ’control word’ x[].
// The length of a[] must be 2**ldn.

long n = 1L<<1dn;
for (long s=n/2; s>0; s/=2)
{
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for (long k=0; k<n; k+=s+s)
if ( x[k+s-1]1'=°0’ )

// swap regiomns [a+k,...,atk+s-1], [a+tk+s,...,a+k+2*s-1]:
swap(atk, atk+s, s);

}

No attempt has been made to optimize or parallelize the algorithm. We rather seek to explore how useful
a machine instruction for the permutation of bits would be.
The program uses a fixed size of 16 bits, an ‘x’ is printed whenever the corresponding bit is set:

a=0123456789ABCDEF  bits of the input word
x=0810011000110110 control word

4: 3 1ix

2: 1 5x 9 13x

1: 0 2x_ 4 6x 8 10x 12 14x
a=01326754CDFEAB98 result

The control word used leads to the Gray code permutation (see on page . Assume we use words
with N bits. We cannot (for N > 2) obtain all N! permutations as we can choose between only 2V~!
control words. Now set the word length to N := 2”. The reachable permutations are those where the
intervals [k-27, ..., (k4 1) -2/ — 1] contain all numbers [p-27, ..., (p+1)-27 — 1] for all j < n and
0 < k < 2777, choosing p for each interval arbitrarily (0 < p < 2"77). For example, the lower half of
the permuted array must contain a permutation of either the lower or the upper half (j = n — 1) and
each pair agy, agy+1 must contain two elements 2z, 2z + 1 (j = 1). The bit-reversal can be obtained
using a control word with all bits set. Alas, the (important!) zip permutation (bit-zip, see section [1.15]
on page is unreachable.

The inverse permutation is achieved by changing a single line:
for (long s=1; s<n; s+=s)

A machine instruction could choose between the two routines via the highest bit in the control word.

A general method

All permutations of N = 2" elements can be obtained using n control words of NV bits. Assume we have
a machine instruction that collects bits according to a control word. An eight bit example:

a
X

abcdefgh  input data

..1.1101 control word (dots for zeros)
cefh bits of a where x has a one
abdg bits of a where x has a zero

abdgcefh  result, bits separated according to x

We need n such instructions that work on all length-2* sub-words for 1 < k < n. For example, the
instruction working on half words of 16-bit word would work as

a = abcdefgh ABCDEFGH input data
x = ..1.11.1 1111.... control word (dots for zeros)
ce ABCD bits of a where x has a one
abdg EFGH bits of a where x has a zero

abdgcefh EFGHABCD result, bits separated according to x

Note the bits of the different sub-words are not mixed. Now all permutations can be reached if the control
word for the 2F-bit sub-words have exactly 2~! bits set in all ranges [j - 2, ..., (j + 1) - 2¥].

A control word together with the specification of the instruction used defines the action taken. The
following leads to a swap of adjacent bit pairs

IR I I . R . O . R . O . k= 1 (2-bit sub-words)
while this
1.1.1.1.1.1.1.1.1.1.1.1.1.1 0101 k= 5 (32 bit sub-words)
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results in gathering the even and odd indexed bits in the halfwords.

A complete set of permutation primitives for 16-bit words and their effect on a symbolic array of bits

(split into groups of four elements for readability) is

0123 4567 89ab cdef

3 s =4 ==> 89ab cdef 0123 4567
1111, ...1111. ... = 3 ==> cdef 89ab 4567 0123
11..11..11. .11, . = 2 ==> efcd ab89 6745 2301
1.1.1.1.1.1.1.1. =1 ==> fedc ba98 7654 3210

The top primitive leads to a swap of the left and right half of the bits, the next to a swap of the halves of
the half words and so on. The obtained permutation is array reversal. Note that we use array notation

(least index left) here.

The resulting permutation depends on the order in which the
words

0123 4567 89ab

1.1. 1.1, 1.1, 1.1. =4 ==> 1357 9bdf 0246
1.1. 1.1, 1.1, 1.1. =3 == 37bf 159d 26ae
1.1. 1.1, 1.1, 1.1. =2 == 7£3b 5d19 6e2a
1.1. 1.1, 1.1, 1.1, =1 == £f7b3 d591 eba2

The result is different when starting with 2-bit sub-words:
0123 4567 89ab

1.1. 1.1, 1.1, 1.1. =1 == 1032 5476 98ba
1.1. 1.1, 1.1, 1.1. =2 ==> 0213 4657 8a%
1.1. 1.1, 1.1, 1.1. =3 ==> 2367 0145 abef
1.1, 1.1, 1.1, 1.1, =4 == 3715 bfod 2604

There are (2;) possibilities to have z bits set in a 2z-bit word. There are 2"~* length-2* sub-words in a

primitives are used. Starting with full

cdef
8ace
048c¢c
4c08
c480

cdef
dcfe
cedf
89cd
ae8c

2"-bit word so the number of valid control words for that step is

G5)]

The product of the number of valid words in all steps gives the

number of permutations:

N (E)N

k=1

1.35 CPU instructions often missed

Essential

e Bit-shift and bit-rotate instructions that work properly for
The shift instruction should zero the word, the rotate instr

Instructions that return the index of highest or lowest set

A fused multiply-add instruction for floats.

(SIMD) registers and 64-bit floats:

shifts greater or equal to the word length:
uction should take the shift modulo word
length. The C-language standards leave the results for these operations undefined and compilers
simply emit the corresponding assembler instructions. The resulting CPU dependent behavior is
both a source of errors and makes certain optimizations impossible.

A bit-reverse instruction. A fast byte-swap mitigates the problem, see section [1.14] on page
bit in a word.

Fast conversion from integer to float and double (both directions).

Instructions for the multiplication of complex floating point numbers. For example, with 128-bit
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// Here: R1 == A, B; R2 == C, D;
CMUL R1, R2;
// Here: R2 == A*xC-BxD, A*D+Bx*C;

A sum-diff instruction, such as:
// Here: R1 == A; R2 == B;

SUMDIFF A, B;
// Here: R1 == A+B; R2 == A-B;

It serves as a primitive for fast orthogonal transforms.

e An instruction to swap registers. Even better, a conditional version of that.

Nice to have

e A parity bit for the complete machine word. The parity of a word is the number of bits modulo

two, not the complement of it. Even better would be an instruction for the inverse Gray code, see
section [I.16] on page [34}

A bit-count instruction, see section [1.8 on page This would also give the parity at bit zero.

A random number generator: LHCAs (see section on page may be candidates.

A conditional version of more than just the move instruction, possibly as an instruction prefix.

An instruction to detect zero bytes in a word, see section on page The C-convention is to
use a zero byte as string terminator. Performance of the string related functions in the C-library
could thereby be increased significantly. Ideally the instruction should exist for different word sizes:
4-byte, 8-byte and 16-byte (possibly using SIMD extensions).

A bit-zip and a bit-unzip instruction, see section on page [33|and [FXT: file bits/bitzip.h|. Note
this is polynomial squaring over GF(2).

A bit-gather and a bit-scatter instruction, see [FXT: file |bits/bitgather.h] and [FXT: file
bits/bitseparate.h|. This would include bit-zip and its inverse.

Primitives for permutations of bits, see section [1.34] on page

Luxury items

e Multiplication corresponding to XOR as addition. That is, a multiplication without carries, the

one used for polynomials over GF(2). See section on page and [FXT: bitpol mult () in
bpol/bitpolarith.h].

e The mentioned multiplication for polynomials over GF(2) with a modulus, see section on

page and [FXT: bitpolmod mult () in bpol/bitpolmodarith.h|.
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Chapter 2

Permutations

In this chapter we first study several special permutations that are used as part of other algorithms like
the revbin permutation used in radix-2 FF'T algorithms. Then permutations in general together with the
operations on them, like composition and inversion, are described.

Algorithms for the the generation of all permutations of a given number of objects are given in section [6.8]
The connection to mixed radix numbers in factorial base is given in [6.9.2

2.1 The revbin permutation

W ~NO O WN - O

©

10:
11:
12:
13:
14:
15:

~No o WwN - O

W N = O

Figure 2.1: Permutation matrices of the revbin permutation for sizes 16, 8 and 4. The permutation is
self-inverse.

The permutation that swaps elements whose indices are mutually bit-reversals is called revbin permutation
(sometimes also bit-reversal- or bitrev permutation). For example, for length n = 256 the element with
index z = 4319 = 001010115 is swapped with the element whose index is £ = 11010100, = 21215. Note
that  depends on both z and on n.

A first implementation might look like

procedure revbin_permute(al], n)
// al0..n-1] input,result
{

for x:=0 to n-1

r := revbin(x, n)
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if r>x then swap(alx], alrl)
}

The condition r>x before the swap() statement makes sure that the swapping isn’t undone later when
the loop variable x has the value of the present r. As we have seen in section on page [29] the function
function revbin(x, n) that computes the bit-reversed word is usually expensive.

Speedup via revbin-update

The key ingredient for a fast permutation routine is the observation that we only need to update as bit-
reversed values. Given T we can compute x + 1 efficiently. Methods to do this are given in section
on page A faster routine will be of the form

procedure revbin_permute(al], n)
// al0..n-1] input,result

if n<=2 return
r := 0 // the reversed 0
for x:=1 to n-1

r := revbin_update(r, n/2) // inline me
if r>x then swap(alx], alrl)

}

The update of the reversed word (revbin_update () ) needs for half of the calls just one iteration because
in half of the updates just the leftmost bit changesﬂ in half of the remaining updates it needs two
iterations, in half of the still remaining updates it needs three and so on. The total number of operations
done by revbin_update() is therefore proportional to

log,(n)
1 2 3 4 log,(n) J
1,23 .- 1C0 J 2.1
n<2+4+8+16+ L " Z;m 21)

For n large this sum is close to 2n so the average cost of the update is constant.

2.1.0.1 The number of swaps

How many swap ()-statements will be executed in total for different n? About n — \/n, as there are only
few numbers with symmetric bit patterns: for even loga(n) =: 2b the left half of the bit pattern must be
the reversed of the right half. There are 2 = v/220 such numbers. For odd loga(n) =: 2b + 1 there are
twice as much symmetric patterns: the bit in the middle does not matter and can be 0 or 1.

n | 2 # swaps # symm. pairs
2 0 2
4 2 2
8 4 4
16 12 4
32 24 8
64 56 8
210 992 32
220 | 0.999 - 220 210
©| n-vn vn

That is, almost all ‘revbin-pairs’ will be swapped by the permutation. The sequence
0, 2, 4, 12, 24, 56, 112, 238, 480, 992, 1980, 4032, 8064, 16242, 32512, 65280,

is entry |A045687 of [45].

1

corresponding to the change in only the rightmost bit if one is added to an even number
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Symmetries of the permutation

The following symmetry can be used for further optimization: If for even x < % there is a swap (for

the pair x, &) then there is also a swap for the pairn —1 -z, n—1-2. Asz < § and < % one
hasn —1—2 > % and n —1 -2 > 5. That is, the swaps are independent. A routine that uses these
observations is

procedure revbin_permute(al], n)

{
if n<=2 return
nh :=n
r := 0 // the reversed 0
while x<nh
// x odd:
r :=r +
swap(alx], alrl)
x :=x + 1
// x even:
r := revbin_update(r,n) // inline me
if r>x then
swap(al[x], alrl)
swap(aln-1-x], aln-1-r])
x :=x +1
}
}

The code above is an ideal candidate to derive an optimized version for zero padded data:

procedure revbin_permuteO(al[l, n)

{
if n<=2 return
:=n/2
= ? // the reversed 0O
hile x<nh
// x odd:
:= 1 + nh
a[x]
0

E

A= X R

r
alr]
a[x]
x :=x +1

// x even:

r := revbin_update(r, n) // inline me

if r>x then swap(alx], alr]l)

// Omit swap of a[n-1-x] and a[n-1-r] as these are zero
x :=x +1

}

One can carry the scheme further, distinguishing whether £ mod 4 = 0, 1, 2 or 3. This is done in the
actual C++ implementation [FXT: revbin_permute() in perm/revbinpermute.h|. The parameters

#define RBP_SYMM 4 // 1, 2, 4 (default is 4)
#define FAST_BIT_SCAN // define if machine has fast bit scan

allow to adjust how much of the symmetry is used (RBP_SYMM) and which flavor of the revbin-update
routine is chosen (FAST_BIT_SCAN). With a fast bit-scan instruction the table driven version is slightly
faster. We further define a convenient macro to swap elements:

#define idx_swap(k, r) { ulong kx=(k), rx=(r); swap2(flkx], flrx]); }

The main routine uses unrolled versions of the revbin permutation for small values of n. These are given
in [FXT: file perm/shortrevbinpermute.h]. For example, the unrolled routine for n = 16 is

template <typename Type>
inline void revbin_permute_16(Type *f)
{

swap2(f[1], £[8]);

swap2(f[2], f[4]);

swap2(f[3], £[12]);

swap2(£[5], £[101);

swap2(£[7], £[14]1);
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swap2(£[11], £[131);

The routine revbin_permute_le_64(f,n) that is called for n < 64 selects the correct routine for the
parameter n:

template <typename Type>
void revbin_permute(Type *f, ulong n)

if ( n<=64 )
{

revbin_permute_le_64(f, n);
return;

}

If the table driven update is used, the table has to be initialized and, depending on the amount of
symmetry used, also some auxiliary variables:

const ulong nh = (n>>1);
#ifdef FAST_BIT_SCAN
make_revbin_upd_tab(nh);

#endif
#if ( RBP_SYMM >= 2 )
const ulong nl =n - 1; // = 11111111
#if ( RBP_SYMM >= 4 )
const ulong nxl = nh - 2; // = 01111110
const ulong nx2 = nl - nxl; // = 10111101

#endif // ( RBP_SYMM >= 4 )
#endif // ( RBP_SYMM >= 2 )

In what follows we set RBP_SYMM to 4 and omit the corresponding preprocessor statements. The cryptic
and powerful main loop is

ulong k = 0, r = 0;
while ( k<n/RBP_SYMM ) // n>=16, n/2>=8, n/4>=4
{

/] === K4 == 0
%f ( >k )

idx_swap(k, r); // <nh, <nh 11
idx_swap(nl~k, ni1"r); // >nh, >nh 00
idx_swap(nx1“k, nxl°r); // <nh, <nh 11
idx_swap(nx2~"k, nx2°r); // >nh, >nh 00

}

r "= nh;

++k

/] == k4 ==

%f ( >k )
idx_swap(k, r); // <nh, >nh 10
idx_swap(nl~k, nl1°r); // >nh, <nh 01

}

#ifdef FAST_BIT_SCAN
r = revbin_tupd(r, k);

#else

r = revbin_upd(r, nh);
#endif

+k;

/] ————= k4 == 2:

%f ( >k )

idx_swap(k, r); // <nh, <nh 11
idx_swap(nl~k, nl1°r); // >nh, >nh 00

}

r "= nh;

++k;

// -——— k4 == 3:

}f ( >k )
idx_swap(k, r); // <nh, >nh 10
idx_swap(nx1~k, nxl1°r); // <nh, >nh 10

}
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#ifdef FAST_BIT_SCAN

r = revbin_tupd(r, k);
#else

r = revbin_upd(r, nh);

++k;

#endif

X
} // end revbin_permute()

It turns out that the routine takes, for large n, about six times of the simple reverse() operation that
swaps elements k with n — k — k. Much of the time is spend waiting for memory which suggests that
further optimizations would best be attempted with special (machine) instructions to bypass the cache
or with non-temporal writes.

The routine [FXT: revbin_permute0() in |perm/revbinpermute0.h| is a specialized version optimized for
zero padded data. Some memory access can be avoided for that case. For example, revbin-pairs with
both indices larger than n/2 need no processing at all. Therefore the routine is faster than the general
version.

If, for complex data, one works with separate arrays for real and imaginary partﬂ one might be tempted to
do away with half of the bookkeeping as follows: write a special procedure revbin_permute(a[],b[],n)
that shall replace the two successive calls revbin_permute(a[],n) and revbin_permute(b[],n) and
after each statement swap(al[x],alr]) has inserted a swap(b[x],b[r]). If you do so, be prepared for
disaster! Very likely the real and imaginary element for the same index lie apart in memory by a power
of two, leading to one hundred percent cache miss for the typical computer. Even in the most favorable
case the cache miss rate will be increased. Do expect to hardly ever win anything noticeable but in most
cases to lose big. Think about it, whisper “direct mapped cache”’, and forget it.

2.2 The radix permutation

The radiz permutation is the generalization of the revbin permutation to arbitrary radices. Pairs of
elements are swapped when their indices, written in radix r are reversed. For example, in radix 10 and
n = 1000 the elements with indices 123 and 321 will be swapped. The radix permutation is self-inverse.

C++ code for the radix r permutation of the array £[] is given in [FXT: file perm/radixpermute.h)|.
The routine must be called with n a perfect power of the radix r. Using radix r = 2 gives the revbin
permutation.

extern ulong radix_permute_nt[]; // ==
extern ulong radix_permute_kt[]; // ==
#define NT radix_permute_nt
#define KT radix_permute_kt

9, 90, 900, ... for r=10
1, 10, 100, ... for r=10

template <typename Type>
void radix_permute(Type *f, ulong n, ulong r)

{
ulong x = 0;
NT[0] = r-1;
KT[0] = 1;
¥hile (1)

ulong z = KT[x] * r;

if ( z>n ) break;
++Xx;

KT[x] = z;
NT[x] = NT[x-1] * r;
// here: n == p¥*x
for (ulong i=0, j=0; i < n-1; i++)

if (i<j ) swap2(£[il, £[j1);
ulong t = x - 1;

2as opposed to: using a data type ‘complex’ with real and imaginary part of each number in consecutive places
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ulong k = NT[t]; // ="= k= (r-1) *n / r;
while ( k<=j )
{
j =k
k = NT[--t]; // ="= k /= r;
}
j A= KT[t]l; // ="= j += (k/(z-1));

2.3 In-place matrix transposition

Transposing a matrix is easy when it is not done in-place. The simple routine [FXT: transpose() in
aux2/transpose.h| does the job:

template <typename Type>
void transpose(const Type * restrict f, Type * restrict g, ulong nr, ulong nc)
// Transpose nr x nc matrix f[] into an nc x nr matrix g[].

for (ulong r=0; r<nr; r++)

{
ulong isrc = r * nc;
ulong idst = r;
for (ulong c=0; c<nc; c++)
{
glidst] = flisrc];
isrc += 1;
idst += nr;
}
3

}

Matters get more complicated for the in-place equivalent. We have to find the cycles (see section on
page [101)) of the underlying permutation. To transpose a n, X n.- matrix first identify the position i of
the entry in row r and column c:

i = T-n.+c (2.2)
After the transposition the element will be at position ¢’ in the transposed n). x n/- matrix
i = r a4+ (2.3)

Obviously, 7’ = ¢, ¢ = r, n!. = n. and n., = n,, so:

i = cong.+r (2.4)
Multiply the last equation by n.
i ne = cngpone+Tone (2.5)
With n :=n, -n. and r - n, =i — ¢ we get
i'"“ne. = cn+i—c 2.6)
i i ne—c-(n—1) 7)
Take the equation modulo n — 1 to get
i = i -n. mod (n—1) (2.8)

That is, the transposition moves the element ¢ = i’ - n. to position i’. Multiply by n, to get the inverse:

in, = i -ne. n, (2.9)
in., = i -(n—1+1) (2.10)
ion. = i (2.11)

[fxtbook draft of 2006-September-11]


file:~/work/fxt/src/aux2/transpose.h

2.4: Revbin permutation and matrix transposition * 87

That is, element ¢ will be moved to i’ =4-n, mod (n—1).

The routine [FXT: transpose() in aux2/transpose.h| uses the a bit-array to keep track of the elements
that have been processed so far:

#define SRC(k) (((unsigned long long) (k)*nc)%nl)

template <typename Type>

void transpose(Type *f, ulong nr, ulong nc, bitarray *ba=0)
// In-place transposition of an nr X nc array

//  that lies in contiguous memory.

{
if ( 1>=nr ) return;
if ( 1>=nc ) return;
if ( nr==nc ) transpose_square(f, nr);
else

const ulong nl = nr * nc - 1;

bitarray *tba = 0;
if ( O0==ba ) tba
else tba
tba->clear_all();

for (ulong k=1; k<nl; k=tba->next_clear(++k) ) // O and nl are fixed points
{

new bitarray(nl);
ba;

// do a cycle:
ulong ks = SRC(k);
ulong kd = k;
tba->set (kd) ;

Type t = f[kd];
o{vhile (ks !=k)

f[kd] = f[ks];
kd = ks;

tba->set (kd);
ks = SRC(ks);

}
f[kd] = t;
}

if ( O==ba ) delete tba;
}

Note that one should take care of possible overflows in the calculation i - n.. For the case that n is a
power of two (and so are both n, and n.) the multiplications modulo n — 1 are cyclic shifts. Thus any
overflow can be avoided and the computation is also significantly cheaper. A C++ implementation is
given in [FXT: file aux2/transpose2.h]|.

2.4 Revbin permutation and matrix transposition *

How would you rotate an (length-n) array by s positions (left or right), without using any scratch space.
If you do not know the solution then try to find it before reading on.

The trick is to use reverse() three times as in the following [FXT: rotate_left() in perm/rotate.h|:

template <typename Type>

void rotate_left(Type *f, ulong n, ulong s)
// Rotate towards element #0

{/ Shift is taken modulo n

if ( s==0 ) return;
if ( s>=n )

if (n<2) return;

s %= n;
}
reverse (£, s);
reverse(f+s, n-s);
reverse(f, n);
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}
For example left-rotating an 8-element array by 3 positions is achieved by the following steps:

[12345678]

[ 3214567 8] reverse first 3 elements

[ 32187654 ] reverse last 8-3=5 elements
[ 456781231 reverse whole array

Similarly for the other direction. A right rotation of an n-element array by s positions is identical to a
left rotation by n — s positions:

[12345678]

[ 5432167 8] reverse first 8-3=5 elements
[ 5432187 6] reverse last 3 elements

[ 678123451 reverse whole array

template <typename Type>

void rotate_right(Type *f, ulong n, ulong s)
// Rotate away from element #0O

{/ Shift is taken modulo n

if ( s==0 ) return;
if ( s>=n )

if (n<2) return;

s %= n;
}
reverse(f, n-s);
reverse(f+n-s, s);
reverse(f, n);

}

What this has to do with our subject? When transposing an n, x n. matrix whose size is a power of two
(thereby both n, and n. are also powers of two) the above mentioned rotation is done with the indices
(written in base two) of the elements. We know how to do a permutation that reverses the complete
indices and reversing a few bits at the least significant end is not any harder:

template <typename Type>

void revbin_permute_rows(Type *f, ulong ldn, ulong ldnc